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p • Abstract 

' Motivated by investigations of the tridiagonal pairs of hnear transformations, we 

• introduce the augmented tridiagonal algebra Tg. This is an infinite-dimensional asso- 
, dative C-algebra with 1. We classify the finite-dimensional irreducible representations 

of Tq. All such representations are explicitly constructed via embeddings of Tg into the 
' Ug{sl2)-loop algebra. As an application, tridiagonal pairs over C are classified in the 
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^ 1 Introduction 
oo 

I The purpose of this paper is to introduce the augmented tridiagonal algebra Tg and classify its 
^ I finite-dimensional irreducible representations. We explain our motivations in Sections 1.1, 1.2 
and summarize our results in Sections 1.3, 1.4. Throughout this paper, we choose the complex 



O 

0^ 



O ■ number field C as the ground field. An algebra means an associative C-algebra with 1. 

> : 

X ■ 1.1 Tridiagonal pairs: a background in combinatorics 

H : 

The standard generators for the sub constituent algebra (Terwilliger algebra) of a P- and 
Q-polynomial association scheme [1] give rise to a tridiagonal pair when they are restricted 
to an irreducible submodule of the standard module ^ Example 1.4], [9l Lemmas 3.9, 3.12]. 
This fact motivates our ongoing investigation of the tridiagonal pairs [3], [1], [5], [6], [7j, [8]. 

Let V denote a finite-dimensional nonzero vector space over C. Let End(K) denote the 
C-algebra of all C-linear transformations of V. By a tridiagonal pair ( TD-pair) on V we 
mean an ordered pair A, A* of elements in End(\/) that satisfy (i)-(iv) below: 
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(i) A and A* are diagonalizable. 

(ii) There exists an ordering Vq, Vi, . . . , of the eigenspaces of A such that 

A*V,CVi._i + Vi + Vi+i {0<i<d), 
where y_i = 0, V^+i = 0. 

(iii) There exists an ordering Vq ,V{ , . . . , Vjt of the eigenspaces of A* such that 

Av; c v:_, + v; + v;^, (o < ^ < d*), 

where Vl^ = 0, VQt+i = 0. 

(iv) V is irreducible as an {A, yl*)-module, where {A, A*) is the subalgebra of End(V^) 
generated by A, A*. 

A TD-pair A, A* G End(V") is isomorphic to a TD-pair B, B* G End(V"') whenever there 
exists an isomorphism ip : V V of vector spaces such that Bip = ipA and B*il) = ipA*. 

In this subsection, we summarize the basic properties of a TD-pair A, A*; they will be 
used to introduce the augmented tridiagonal algebra Tg in the next subsection. First we 
remark that A and A* have the same number of eigenvalues, i.e. d = d* [2, Lemma 4.5]: we 
call this common integer the diameter of the pair. A TD-pair with d = is called trivial. 
We usually assume d > 1 to avoid the trivial TD-pairs. Under this assumption, there exist 
exactly two orderings of the eigenspaces of A (resp. A*) that satisfy the condition (ii) (resp. 
(iii)): if Vq, Vi, . . . , (resp. Vq , Vj*, • • • , V^) is one of these, then the other is the reversed 
ordering V^, Vrf_i, . . . , Vq (resp. V^*, V^_^, . . . , V^*). We understand that one of such orderings 
is chosen and fixed unless otherwise stated. 

By [31 Theorem 10.1] there exist scalers /?, 7, 7*, 5, 5* in C such that 

[A, A^A* - 13 A A* A + A*A^] = ^[A, AA* + A* A] + 6 [A, A*] , 
[A*, A*^A- f3A*AA* + AA*^] = ^*[A*, A*A + AA*] + 6*[A*, A], 

where [X, F] means X Y — Y X . The sequence of scalars /?, 7, 7*, 5, 6* is unique if > 3. 
The above relations are called the tridiagonal relations (TD-relations) [8]. We fix a nonzero 
g G C such that 

Let 9i (resp. 9* ) denote the eigenvalue of A for Vi (resp. A* for V*) {0 < i < d). They are 
expressed as follows P, Theorem 11.2]. 

Type I (g^ 7^ il)- there exist scalars a, a*,b, b*,c, c* such that 

= a + hq^' + cq-^' (0 < i < c/), 

e* = a + b*q^' + c*q-^' (0 < z < rf). 

In this case, 7 = — (g — q^^)^a, 7* = — (g — q^^)'^a*, 5 = (g — g~^)^a^ — (g^ — q^'^)'^bc, 
5* = iq- q-^fa*^ - (g^ - g-2)25*c*. 
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Type II (g^ = 1) : there exist scalars a, a*, b, b*, c, c* such that 



= a + bi + ci^ {0<i<d), 
e* = a* + b*i + c*i^ {0<i<d). 

In this case, 7 = 2 c, 7* = 2 c*, 6 = b"^ - - 4ac, 6* = 6*^ - c*^ - 4 a*c*. 

Type III (g^ = —1) : there exist scalars a,a*,b,b*,c, c* such that 
^. = a + b{-iy + c{-l)U iO<i<d), 

e* = a* + b*{-iy + c*{-iyi {o<i<d). 

In this case, 7 = 4 a, 7* = 4 a*, 6 = -Aa^ + c^, 6* = -4 a*^ + c*^ . 

In this paper, we treat TD-pairs of Type I. If a TD-pair of Type I comes from a P- 
and Q-polynomial association scheme with sufficiently large diameter, then q is not a root 
of unity, i.e., g" 7^ 1 for any nonzero integer n [H Proposition 7.7]. From now on, we fix 
a nonzero scalar g G C and assume that q is not a root of unity. One of the effects of 
this assumption is as follows. Let us call the conditions (ii), (iii) for a TD-pair the TD- 
structures. Then under the diagonalizability condition (i) and the irreducibility condition 
(iv), the TD- relations imply the TD-structures [TOl Theorem 3.10]. This allows us to work 
with the TD-relations instead of the TD-structures. We first establish the representation 
theory of the augmented tridiagonal algebra Tg. The classification of TD-pairs of Type I will 
be given as an application of the representation theory. 

If A, A* are a TD-pair on V, then XA + fil, X*A* + are also a TD-pair on V with 
the same eigenspaces. Here A, X*,fi,fi* G C, A 7^ 0, A* 7^ and / is the identity map. The 
parameter f] and hence q are invariant under the affine transformations A 1— >■ XA+^I, A* 1— >■ 
X*A*+fi*I. Also the diameter d is invariant under the affine transformations. For fixed d and 
g, consider a TD-pair A, A* of Type I with diameter d and the parameter /3 = g^ + g~^. The 
TD-pair A, A* can be standardized to have the following eigenvalues by applying appropriate 
affine transformations and, if necessary, reversing the ordering of the eigenspaces Vi of A or 
of the eigenspaces V* of A*: 

Oi = 6g2i-d^^^-l^d-2i {0<i<d), (1) 

0* = £*b*q^^-'^ + 6*-ig^-2* {0<i<d) (2) 

for some constants b,b* {b 7^ 0, 6* 7^ 0) and e,e* G {1, 0}. A TD-pair A, A* is called a 
standardized TD-pair of Type I, if A, A* have eigenvalues {9i}'f^Q, {9*i]i=o as in ([1]), ([2]) 
respectively for some integer d > 1 and nonzero b, b* E C under suitable orderings of the 
eigenspaces {Vi}to. {W}to- 

li d = 1, then 6*0, 9i (resp. ^q, 91) can be any pair of distinct scalars by applying a 
suitable affine transformation to A (resp. A*), in particular for stadardization, {e,b) and 
[e*, b*) can be chosen arbitrarily from {0, 1} x \ {(1, ±1)}, where = C\{0}. Assume 
d> 2. Then the pair e, e* is uniquely determined by A, A* regardless of standardization, but 
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the scalars b, b* are not. li e = 1 (resp. e* = 1), then b (resp. b*) is determined up to the ± 
sign by A (resp. A*) and by the ordering of the eigenspaces of A (resp. A*). In this case, b 
(resp. b*) is changed to b~^ (resp. b*~^) when we reverse the ordering of the eigenspaces of 
A (resp. A*). If e = (resp. e* = 0), then b (resp. b*) can be an arbitrary nonzero scalar. 
In this case, the ordering of the eigenspaces of A (resp. A*) is uniquely determined when 
standardized. 

If {e,e*) = (0, 1), we further standardize the TD-pair A, A* by interchanging A, A* and 
then reversing the ordering of the eigenspaces V* so that the standardized TD-pair has 
{e,e*) = (1,0). Thus a standardized TD-pair of Type I has 

(£,£*) = (1,1), (1,0) or (0,0) 

and is called of the 1st, 2nd, 3rd kind, accordingly. 

The TD-relations for a standardized TD-pair A, A* of Type I are 

r [A, A^A* - (5AA*A + A*A^] = 66[A, A*], 
^™>\ [A*, A*'A- pA*AA* + AA*'] = e*5[A*, A], 

where /? = + and 5 = —{q'^ — q^"^)^ ■ Conversely, if a TD-pair A, A* satisfies the above 
TD-relations (TD), then we have a = a* = 0, 6c = e, b*c* = e* in the general expression 
of the eigenvalues for Type I, and so with suitable orderings of the eigenspaces. A, A* have 
eigenvalues in the form of ([1]), ([2]) for some integer d > 1 and some nonzero b, b* , i.e.. A, A* 
are a standardized TD-pair of Type I. Thus given (e, e*) G {(1, 1), (1, 0), (0, 0)} and a nonzero 
scalar q that is not a root of unity, a TD-pair A, A* is a standardized TD-pair if and only 
if it satisfies the above TD-relations (TD). In view of this fact, we call (TD) the stadardized 
TD-relations of Type I. 

Given TD-pair A, A* G End(y) with eigenspaces {V^j^^Q, {V*}f^Q, the underlying vector 
space V has the split decomposition |3l Theorem 4.6]: 

d 

i=0 

where 

u^ = {v* + ■■■ + v:)n{v, + ■■■ + Vd). 

For a TD-pair A, A* e End(V) of Type I with eigenvalues (P, (^,\et K e End{V) denote 
the diagonalizable transformation for which Ui is the eigenspace belonging to the eigenvalue 
q2i-d (0 < z < (i). We define the raising map R and the lowering map L by 

R = A-bK - Eb-^K^\ 
L = A* -6*b*K -b*~^K-\ 

Then indeed R (resp. L ) has the raising (resp. lowering) property [SJ Theorem 4.6, Corol- 
lary 6.3]: 

RUi C Ui+i (0 < i < d), 

LUi C Ui-i {0<i<d), 
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where f/_i = Ud+i = 0. By the raising, lowering properties of R, L, we get 

KRK-^ = q^R, 



(TD)[, 



and conversely the relations {TD)'q imply the raising, lowering properties of R, L. Writing 
{TD)q in terms of A, A*, K, we get the generalized q-Weyl relations: 



(TD)c 



{qAK -q-^KA)/{q-q-^) = bK^ + eb-^I, 
IqKA* - q-^A*K)/{q- q-^) = e*b*K^ + b*'^!, 



where / is the identity map. Writing the tridiagonal relations (TD) for A, A* in terms of R, 
[R, R^L- PRLR + LR^] = 5'{e* s^R^K^ - es-^R-^R^), 



L, K, we get 



(TD)' 



[L, L'^R- PLRL + RL^] = 5\~e*s'^K^L'^ + es-^L'^K- 



2^ 



where (3 = q^ + q ^, 5' = — (g — q ^){q^ — q ^)(g^ — q ^)g'^, = bb* . 



1.2 The TD-algebra A and the augmented TD-algebra T 

Fix a nonzero scalar g G C which is not a root of unity. We also fix (e, e*) G {(1, 1), (1, 0), (0, 0)}. 
Let A = A[^'^ ■* denote the associative C-algebra with 1 defined by genarators z, z* subject 
to the relations 



(TD) 



[z, z^z* - (3zz*z + z*z^] = e6[z, z*], 
[z\ z*'^z- (3z*zz* + zz*"^] = 6*5 [z% z], 



where P = q"^ + q^"^ and 5 = —{q^ — g~^)^. When we need to specify (£,£*), we write (TD)i, 
(TD)n, (TD)in for the relations (TD) and ^i, ^n, for the algebra A according to 
(£,£*) = (1, 1), (1, 0), (0, 0). The algebra ^ is called the tridiagonal algebra (TD-algebra) pUj 
of the 1st, 2nd, 3rd kind, accordingly. (TD)ni is the g-Serre relations and ^ni is isomorphic 
to the positive part of the quantum affine algebra Uq{sl2)- (TD)i can be regarded as a 
g-analogue of the Dolan- Grady relations and we call Ai the q-Onsager algebra. 

Let T = Tq^'^ ■* denote the associative C-algebra with 1 defined by generators x, y, 
subject to the relations 



(TD)^ 

and 




(TD)' 



[x, x^y - P xy X + y x"^] = 5'{e*x'^k'^ - e k ^x^), 
[y, y'^x — jSyxy + xy"^] = 6'{—e*k'^y'^ + ey'^k~'^), 

where P = q"^ + q~^, S' = —{q — q~^){q^ — q~'^){q^ — q~^)q'^. When we need to specify {e,e*), 
we write (TD)j, (TD)jj, (TD)jjj for the relations (TD)' and Ti,Tii,Tiii for the algebra T 
according to {e,e*) = (1, 1), (1,0), (0,0). The algebra T is called the augmented tridiagonal 
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algebra {augmented TD-algehra) of the 1st, 2nd, 3rd, kind, accordingly. Tm is isomorphic to 
the Borel subalgebra of the quantum affine algebra Uq{sl2)- 

The augmented TD-algebra T has another presentation. Fix a nonzero scalar i e C. 
Define the elements Zt, e T to be 

zt^x + tk + er'^k'^, (3) 
y + s*t-^k + tk-\ (4) 



z. 



Then T is generated hy Zt, z*,k,k and the following relations hold : 

kk-^ = k-^k = 1 
(TD)o<( {qztk-q-'kzt)/{q-q-') = tk'' + et-\ 
{qkz; -q-^z;k)/{q-q-^) = e*t~'^k'^ + t, 



and 

(TD) 



[zt, zjzt - (3ztz*zt + zlz"^] = eS[zt, z^], 
[z;, zfzt - Pz*ztz* + ztzf] = e*5 [z^, Zt], 

where P — q"^ + q^"^, S = —{q"^ — q~'^)'^- One routinely verifies that T is isomorphic to the 
algebra generated by symbols Zt, z^, k, k~^ with {TD)q, {TD) the defining relations. 

Proposition 1.1 There exists an algebra homomorphism it from A to T that sends z, z* 
to Zt, zl, respectively : 

it: A — >T {z, z* ^ Zt, zl). 

Moreover it is injective. 

It is obvious that the correspondence z, z* i— > Zt, Zt can be extended to an algebra 
homomorphism from A to T. The injectivity of it will be proved in Section 2. 

Lemma 1.2 Let p : T — > End(V^) be a finite- dimensional irreducible representation ofT. 
Then p{k) is diagonalizable with eigenvalues {s (^■^~'^ | < i < d} for some nonzero s e C 
and an integer d>0. Let V = 0f=o ^« denote the eigenspace decomposition of p{k), where 
Ui is the eigenspace belonging to sg^*"*^. Then regarding V as an irreducible T -module via 
p, we have 

xUiCUi+^, yUiCUi_i {0<i<d), 
where = Ud+i = 0. In particular p{x), p{y) are nilpotent. 

The scalar s (resp. the integer d) is called the type (resp. diameter) of the representation 
p and the T-module V . We call the direct sum V = 0^=o weight-space decomposition 

and Uq the highest weight space. 

Proof. For 6* G C, set U{9) = {v E V \ kv = 9v}. Note that 6 is an eigenvalue of p{k) if and 
only iiU{9) , and in this case U {9) is the corresponding eigenspace. Using the relations 
kx = q^xk and ky = q~'^yk , we find xU{9) C U{q^9) and yU{9) C U{q~'^9). Now assume 
that 9 is an eigenvalue of p{k). Observe that 9 since k^^ exists, and that Xliez U{q^^9) is 
invariant under each of x, y, k^^ and the sum is a finite sum by dim V < oo. These elements 
X, y, k^ generate T and the T-module V is irreducible, so we have V = 'Yliiez U{q^^9). This 
yields the lemma. □ 
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Proposition 1.3 Let p : T — > End(l^) be a finite-dimensional irreducible representation 
of T with type s, diameter d, and V = ©f=Q f/j the weight-space decomposition. Let zt, 
be as in 

(z) p{zt) is diagonalizable if and only if the scalars 

= stq^'~^ + es-H'\'^-^' (0 < z < rf) 

are mutually distinct. In this case, {^j}f=o ^■^ of eigenvalues of p{zt) and it holds 

that 

Vi + Vi+i + --- + Vd = Ui + Ui+i + --- + Ud (0 < ^ < d), 
where Vi is the eigenspace of p{z{) belonging to 9i. 

{ii) p{zl) is diagonalizable if and only if the scalars 

e* = e*st-^q^'-'^ + s-Hq'^-'^' {0<i<d) 

are mutually distinct. In this case, {6*}f^Q is the set of eigenvalues of p{z^) and it 
holds that 

V* + V* + ■■■ + ¥* = Uo + Ui + --- + Ui iO<t<d), 
where V* is the eigenspace of p{zl) belonging to 6*. 

Proposition 11.31 will be proved in Section 2. 

Recall we are given in advance (e, e*) G {(1, 1), (1, 0), (0, 0)} and a nonzero scalar q that is 
not a root of unity. Let p : A — > End(\^) be a finite-dimensional irreducible representation 
of the TD-algebra A = Ai'''*\ We assume that p satisfies the following property (Ci): 

(Ci): p{z), p{z*) are both diagonalizable. 

Set A = p{z), A* = p{z*). Then A, A* satisfy the TD-relations. The TD-relations for A, A* 
imply the TD-structures, i.e., the conditions (ii), (iii) for a TD-pair hold for A, A*, while 
the conditions (i), (iv) hold for A, A* by the property (Ci) and the irreducibility of p. So 
A, A* G End(V^) are a TD-pair on V . Moreover since the TD-relations (TD) for A, A* is 
the standardized TD-relations of Type I, the TD-pair A, A* is a standardized TD-pair of 
Type I on ^. 

Conversely, let us start with a standardized TD-pair A, A* of Type I on V , where we un- 
derstand q and (e, e*) are chosen in advance and fixed. Consider the TD-algebra A = A^^'"^ \ 
Then by the TD-relations (TD) for A, A*, we obtain a finite-dimensional representation p 
of A that sends z, z* to A, A*, respectively: 

p:A — >End{V) {z,z*^A,A*). 

This representation p is irreducible and satisfies the property (Ci) by the conditions (iv), (i) 
for the TD-pair A, A*. 

We restate what we saw in the previous two paragraphs as a proposition below. We 
are given in advance {e, e*) G {(1, 1), (1, 0), (0, 0)} and a nonzero scalar q that is not a root 
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of unity. Let STV denote the set of isomorphism classes of standardized TD-pairs A, A* 
of Type I together with the trivial TD-pairs: A (resp. A*) has eigenvalues {^i}f=o (resp. 
{6*}^^^) as in ([1]) (resp. ([2])) for some integer ci > and nonzero h (resp. h*) G C with a 
suitable ordering of the eigenspaces 

{Vi}to (resp. {V:}Uo)- Set A = Let lrr{A) 

denote the set of isomorphism classes of finite-dimensional irreducible representations of A 
that satisfy the property (Ci). Then we have 

Proposition 1.4 The mapping p ^ A = p{z), A* = p{z*) gives a bijection from Irr{A) 
to STV. The trivial representations, i.e., 1- dimensional representations, correspond to the 
trivial TD-pairs. 

Thus the classification of standardized TD-pairs of Type I is reduced to the following 
problem. 

Problem 1 Classify up to isomorphism the finite- dimensional irreducible representations of 
A that satisfy the property (Ci). 

Let us start with a finite-dimensional irreducible representation p : T — > End(\^) of 
the augmented TD-algebra T with type s and diameter d. We assume that p satisfies the 
following properties (Ci)^, (02)^ for some nonzero t E C: 

(Ci)^: p{zt), p{zl) are both diagonalizable. 

(02)^: The restriction p\{zt,z*) '■ {zt,Zt) — > End{V) is irreducible, 
where {zt, z*) is the subalgebra of T genarated by Zt, z^. 

Set A = p{zt), A* = p{zl). Then A, A* satisfy the TD-relations. Since the TD-relations for 
A, A* imply the TD-structures for A, A* , we find A, A* are a TD-pair on V . By Propo- 
sition Ol the TD-pair A, A* has distinct eigenvalues {Oi}f^Q, {^i'liLo in ([T]), ^ with 
b = st, b* = st~^. So A, A* G End(V") are a standardized TD-pair of Type I. By Lemma 
11.21 and Proposition 11.31 the eigenspace decomposition for p{k) coincides with the split de- 
composition for the TD-pair A, A*. So we have p{x) = R, p{y) = L, p{k) = sK, where 
R, L, K are the raising, lowering, diagonalizable maps, respectively, associated with the 
split decomposition. 

Conversely, let us start with a standardized TD-pair A, A* G End(\^) of Type I with 
eigenvalues 



respectively as in ([T]), ([2]), where we understand q and {s,e*) are chosen in advance and 
fixed. We have the raising map i?, the lowering map L and the diagonalizable K associated 
with the split decomposition for the TD-pair A, A* . Consider the augmented TD-algebra 
r = Ti^''*\ Define the nonzero scalars s, t G C by 



ei 




{0<i<d) 
{0<i<d) 



b = st, 



= st 



-1 



(5) 
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The scalars s, t are determined by b, b* up to the ± sign : = bb*, = bb*~^. We choose 
s, t as one of the solutions of ([5]) and fix them. By the relations (TD)q, (TD)' for R, L, K, 
we obtain a finite-dimensional representation p of T with type s and diameter d that sends 
X, y, k to R, L, sK, respectively: 

p:T — > End{V) (x, y,k^ R, L, sK) 

expressed in terms of the 1st presentation of T with respect to the generators x, k, k^^. 
By ©, (SD, it holds that p{zt) = A, p{zl) = A*. So we have 

p-.r — > End{V) {zt, z;,k^ A, A*, sK) 

expressed in terms of the 2nd presentation of T with respect to the generators Zt, z*, k, k~^. 
By the conditions (iv), (i) for the TD-pair A, A*, p is irreducible and satisfies the properties 

(Cl)i, (C2)t. 

We restate what we saw in the previous two paragraphs as a proposition below. We are 
given in advance {e,e*) G {(1, 1), (1,0), (0,0)} and a nonzero scalar q that is not a root of 
unity. Suppose that we are further given a positive integer d and nonzero b, b* E C such 
that the scalars 6i = bq^'^~'^ + eb^^q'^^'^'^ (0 < i < (i) in ([T]) are mutually distinct and the 
scalars 6* = e*6*g2i-d ^ ^*~i^d-2i (q < i < d) in ^ are mutually distinct. By STVf^*^ 
we denote the set of isomorphism classes of standardized TD-pairs A, A* of Type I with 
eigenvalues {Oi}f^Q, {9*}f^Q respectively. Note that if a standardized TD-pair A, A* of Type I 
belongs to STV^^''^ \ then the ordering of the eigenspaces {Vijf^g of A (resp. {V*}f^Q of 
A*) is uniquely determined by the corresponding eigenvalues 6i = bq^^~'^ + eb~^q'^~'^^ (resp. 
6* = e*b*q^'-''^ + 6*"^g'^~^*). Recall that if e = 1 (resp. e* = 1), then b (resp. b*) is changed 
to b^^ (resp. b*~^) when we reverse the ordering of the eigenspaces of A (resp. A*). Thus 

if £ = 1 (resp. e* = 1), then STVf'*^ = STvf''*^ (resp. STvf''''^ = Srvf''*~\ 

STV^^ ^ (resp. STV^^''' ^) coincides with STV^^'^ ^ as sets of isomorphism classes of 
standardized TD-pairs A, A* of Type I but has the ordering of the eigenspaces of A (resp. 
A*) reversed. Set b = st, b* = st~^ as in ([5]). Such scalars s, t are determined by b, b* 
uniquely up to the ± sign. We choose one of them and fix it. Note that if (s, t) is a solution 
of 6 = st, b* = st~^, then 

{s',t') = {t-\s-'), {t,s), {s-\t-') (6) 

are a solution of c = s't', c* = s't'~^ for 

(c,c*) = (r\6*), (6,6*-^), {b-\b*-') (7) 

respectively. Set T = Tq^'^ \ By 1rr'2*{T) we denote the set of isomorphism classes of 
finite-dimensional irreducible representations p of T with type s and diameter d that satisfy 
the properties (Ci)f, (C2)t for the scalar t. Then we have 

Proposition 1.5 The mapping p ^-^ A = p{zt), A* = p{zl) gives a bijection from Irr^/{T) 
to Srvf^*\ where b = st, b* = st'K 
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Thus Problem [T] is reduced to the following problem. 
Problem 2 

(i) Classify up to isomorphism the finite- dimensional irreducible representations ofT with 
type s and diameter d. 

{ii) Determine when a finite- dimensional irreducible representation pofT with type s and 
diameter d satisfies the properties (Ci)t, (C2)t . 

We solve Problem [2] in this paper. Problem [T] is reduced to Problem [2] via STV^^'^ ■* 
as follows. The set STT) is the disjoint union of the trivial TD-pairs and STvf'^ ■* over 
(i e N and {b,b*) e (C\{0}) x (C\{0})/ ~, where ~ is the equivalence relation defined by 
{b, b*) ~ (c, c*) if and only if 

(c, c*) e {(6, b*), {b-\ 6*), (6, 6*-'), (r\ b*-^)} for the case (e, e*) = (1, 1), (8) 
(c,c*) e {{b,b*), {b-\b*)} for the case (£,£*) = (1,0), (9) 

and {b,b*) = (c, c*) for the case {£,e*) = (0,0). For nonzero b, b* e C, let Xrr^^'^ \A) 
denote the subset of Xrr{A) that is mapped to the subset STV^j'''' ^ of STV by the bijection 
p t-> A = p{z), A* = p{z*) from Irr{A) to STV (see Proposition OD- Set b = st, b* = st'^ 
as in ([5]). Such scalars s, t are determined by b, b* uniquely up to the ± sign. We choose 
one of them and fix it. Then by Proposition 11.51 Xrr2'*(T) is mapped to STV^^''' ^ by the 
bijection p A = p{zt), A* = p{zl). This means that if a finite-dimensional irreducible 
representation p : T — > End(l^) belongs to Trr^/{T), then 

p' = poLt-.A — > End(\/) 

is a finite-dimensional irreducible representation of A that belongs to Irrf''' \A), where 

k ■ A — > T {z, z* h-^ zt, z*) 

is the injective algebra homomorphism from Proposition ll.il Moreover every finite-dimensional 
irreducible representation of A that belongs to Trrf''^ ''(^) arises in this way. In other words, 
a finite-dimensional irreducible representation p' : A — > End(V^) that belongs to Xrrf''' \A) 
can be 'extended' via it to a finite-dimensional irreducible representation p : T — > End(V") 
that belongs to Irr^/iT). Thus we have 

Corollary 1.6 If b = st, b* = st~^ , then the mapping p ^ p o ct gives a bijection from 
Xrr'2^{T) to Irr^J''^ \-^)> where Lt : A — ^ T (2;, z* ^ Zt, z^) is the injective algebra homo- 
morphism from Proposition 

Since Irr{A) is the disjoint union of the trivial representations and Irr^J''^ over d G N 
and {b,b*) E (C\{0}) x (C\{0})/ ~, Problem [His reduced to Problem |] by Corollary [L6l 
Namely, Irr{A) is the disjoint union of the trivial representations and 

{po,, IpGJrrf(T)} (10) 
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over d G N and {s,t) G (C\{0}) x (C\{0})/ ~, where the equivalence relation ^ is defined 
by (s, t) ^ (s', t') if and only if 

(s', t') e {±(s, t), ±ir\ s-^), ±(t, s), ±{s'\t-^)} for the case (e, e*) = (1, 1), (11) 
{s\f) e {±{s,t), ±{t-\s-^)} for the case = (1,0), (12) 

and {s',t') = ±{s,t) for the case {e,e*) = (0,0). 

As we see in the next proposition, the property (Ci) for Irr{A) is automaically satisfied 
when {e,e*) = (1, 1). 

Proposition 1.7 If{e,e*) = (1,1), then every finite- dimensional irreducible representation 
p : A — > End(l^) satisfies the property (Ci), i.e., p{z), p{z*) are diagonalizable. 

Proof. Regard V as an irreducible ^-module via p . For 6* G C, set V{9) = {f G V\zv = 9v}. 
Note that 6 is an eigenvalue of p{z) if and only if V^(^) 7^ 0, and in this case V^(^) is the 
correspording eigenspace. Using the relation [z, z^z* — I5z z*z + z*z'^] = 6 [z, z*] with 
f3 = q^ + q-\ 6 = -{q^- q-^) , we find {z-e-){z- 6) {z - d+)z*v = for all veV{e), where 
9 = C + C\ e+ = q\ + q-^C\ 0- = q~K + q^-^ , i.e., 

z*v{e) c v{e-) + v{e) + v{e+). 

Set ^« = q^X + q-^X'^. Then Eiez '^(^^'^)' which is a finite sum by dim < cxd, is 
invariant under 2;, z* . Since z, 2* generate A and is irreducible as an A -module, we have 
V = X^jgz ^(^'■*'')- This implies that p{z) is diagonalizable. Similarly, p{z*) is shown to be 
diagonalizable. □ 

So for the case {e,e*) = (1, 1), Problem [1] is equivalent to 

Problem 3 Classify up to isomorphism the finite- dimensional irreducible representations of 
the q-Onsager algebra Ai. 

Thus the classification of standardized TD-pairs of Type I that are the 1st kind is equivalent 
to that of finite-dimensional irreducible representations of the g-Onsager algebra 



1.3 Finite-dimensional irreducible T-modules 

Let p : T — y End(\^) be a finite-dimensional irreducible representation of the augmented 
TD-algebra T. We regard V as an irreducible T-module via p. Let us recall Lemma 11.21 in 
Section 1.2. The action of /c on is diagonalizable with eigenvalues {sg^*~'^|0 < i < d} for 
some nonzero s G C and an integer d > 0. The scalar s and the integer d are called the 
type and the diameter, respectively. Let V = 0f=o denote the eigenspace decomposition 
of the action of k on V, where Ui is the eigenspace belonging to sq^^~'^. It holds that 
xUi C ?7j+i, yUi C Ui-i (0 < i < d), where = Ud+i = 0. We call the direct sum 
V = 0^=0 weight space decomposition and Uq the highest weight space. 

Theorem 1.8 Let V be a finite- dimensional irreducible T-module and V = 0f=o 
weight space decomposition. Then 

dimf/i < (0 < i < d). 

In particular Uq has dimension 1. 
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Theorem 11.81 will be proved in Section 3. Since xUj C f/j+i, yUj C Uj-i (0 < j < d) 
by Lemma 11.21 the highest weight space Uq is invariant under for every integer i > 0. 
Since dim ?7o = 1 by Theorem 11.81 there exists = cri{V) G C such that 

y'x'v = aiV {v G Uo) 

for every integer i > 0. Observe = 1 and cTj = if i > ci, where d is the diameter of 
the T-module V. It is shown later that era 7^ 0. Let A^^(T) denote the set of isomorphism 
classes of finite-dimensional irreducible T-modules with type s, diameter d, and the set 
of sequences {o'i}f^Q of scalars Uj G C with cxo = 1, 0"^ 7^ 0. Then we have a mapping a 
from A1^(T) to that sends ^ to {c"i(\^)}f^Q, where crj(y) is the eigenvalue of y'^x^ on the 
highest weight space of V. 

Theorem 1.9 For each nonzero s G C, the mapping 

a : ^^(T) (V ^ {a.(V^)}to) 

zs a bijection. 

The fact 7^ and the injectiveness of cr will be proved in Section 3. The surjec- 

tiveness of a will be proved in Section 5. 

For a finite-dimensional irreducible T-module V of type s and diameter d, we define a 
monic polynomial -Py(A) of degree c? in A as follows: 

i=0 j=i+l 

where (7i{V) is the eigenvalue of on the highest weight space of V and 

Q = Qd = (-l)'(g - - g-'f ■■■{g'- q~'f. 

The polynomial -Pv'(A) is called the Drinfel'd polynomial of the T-module V. Note that the 
parameters q and (e, £*) in the definition of -Pv'(A) are independent of the T-module V, since 
they are chosen and fixed in advance for the augmented TD-algebra T. 

Remark 1.10 The following identities directly follow from the definition of Pv'(A). 

(i) For A = es-^ + e*s^, 

Pv{x) = g-Vrf(y). 

(ii) For A = + with t an arbitrary nonzero scalar, 

d 

Pv{X) = J2 - ^^+1) • ■ ■ - ^'^)(^o - ■ ■ ■ (00 - 0*d). 

1=0 

where Oi = stq^'-'^ + es-H'^q'^-'^^ 9* = e^st'^g^i-d _^ g-i^qd-2i_ 
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Let denote the set of monic polynomials -P(A) of degree c? in A such that 

P(A) ^0 for A = es-^ + e*s^. 
Then the mapping that sends {o".t}^^Q to 

i=0 j=i+l 

gives a bijection from to P^. So we can restate Theorem 11.91 as follows. 

Theorem 11.91 The mapping V i — > -Pv(A) gives a bijection from M.^^{T) to V^. 

This gives a parametrization of the set 7W^(T) in question in Problem [2] (i). 

Theorem 1.11 Let V be a finite- dimensional irreducible T-module of type s and diameter 
d. Assume that the property (Ci)^ holds for some t G C, i.e., the action of Zf, on V are 
both diagonalizable. Then V is irreducible as a {zt, zl) -module if and only if Py{\) ^ for 
A = + ee*t~'^ . Here -Py(A) is the Drinfel'd polynomial of the T-module V. 

Theorem 11.111 will be proved in Section 4. Theorem 11.111 together with Proposition 11.31 
gives a parametrization of the representations of T in question in Problem [2] (ii). For an 
integer d > 1 and nonzero s, t e C, define the sets M'/{T) and V'/ as follows. Mj{T) 
denotes the set of isomorphism classes of finite-dimensional irreducible T-modules V with 
type s, diameter d that satisfy the properties (Ci)t, (C2)t, i-e., the action of zt, z^ on V 
are both diagonalizable and V is irreducible as a {zt, -2;*)-module. P^'* denotes the set of 
monic polynomials -P(A) of degree c? in A such that -P(A) ^ for A = es~^ + e*s^ and 
A = t2 + ^^*t-\ Note that MfiT) (resp. VfiT)) is a subset of M'^iT) (resp. Pj(T)) 
and A^^(T) is bijectively mapped to by V i — > PvW by Theorem 11.91 . Let be a 
finite-dimensional irreducible T-module that belongs to A^^(T). Then by Proposition II. 3[ 
the property (Ci)t holds for the T-module V if and only if 

st ieg* for any integer i (1 — < i < d — 1), (13) 
s t^^ 7^ ±£:*g* for any integer i (1 — d<i<d — I). (14) 

Thus if one of the conditions (IT51) . (JH]) fails, then A1^'*(T) is empty. Suppose each of (IT^ . 
f ll4p holds. Then by Theorem 11.111 the property (C2)t holds for the T-module V if and only 
if -Py(A) 7^ for A = + ee*t^'^. So A^^'*(T) is precisely mapped onto P^'* by the bijection 
V I — > PviX) from A^^(T) to V^. Thus we have 

Corollary 1.12 // one of the conditions ([73]) . fails, then A1^'*(T) is empty. Suppose 
each of ([73|) . ( [7^ /ioWs. T/ien ^/ie mapping V i — > -Pv(A) gives a bijection from M^/{T) to 

' d ■ 

This gives a parametrization of the set A1^'*(T) in question in Problem [2] (ii). Since 
A1^'*(T) can be natually identified with Trr^'*^(T), Corollary 11.121 gives a parametrization of 
STV^^'^ ^ through Proposition II. 5[ where b = st, b* = st~^. 
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1.4 Construction of finite-dimensional irreducible T-modules 

Given {e,e*) G {(1, 1), (1,0), (0,0)} and a nonzero scalar q that is not a root of unity, let 
T = 7^*-^'^ -* denote the augmented TD-algebra. T is generated by x, y, k^^ subject to the 
relations (TD)q, (TD)' in Section 1.2. In the next proposition, we give an injective algebra- 
homomorphism ips of T into the Uq{sl2)-loop algebra C = Uq{L{sl2)) for each nonzero scalar 
s e C. £ is the associative C-algebra with 1 defined by generators e^, e^, fcj, k~^ {i = 0, 1) 
subject to the relations 



[eh {effef 

Note that if we replace k^ki = kik^ = 1 in the defining relations for C by k^ki = kiko, 
then we have the quantum affine algebra Uq{sl2)'- C is isomorphic to the quotient algebra of 
Uq{sl2) by the two-sided ideal generated by k^ki — 1. 

Proposition 1.13 For each nonzero s G C, there exists an algebra homomorphism ips from 
T to C that sends x, y, k to x{s), y{s), k{s), respectively, where 

x{s) = a{seQ + es~^e^ki) with a = — g^^(g — g^^)^, 
y(s) = e*seQko + s~^ef, 
k{s) = sko- 

Moreover (fg is injective. 

The existence of ips follows from the fact that the relations (TD)q, (TD)' hold for x{s), 
y{s), k{s), k{s)~^. We leave the tedious calculations of checking it to the reader. The 
injectivity of ips will be proved in Section 2. 

Let C denote the subalgebra of C generated by Cq, ef, kf^ [i = 0,1): Cq is missing 
from the set of generators for C. Let B denote the subalgebra of C generated by Cq , ef, kf^ 
{i = 0, 1), the Borel subalgebra of C. Observe B C Note that the image of ips is contained 
in C if {e,e*) = (1,0) and it coincides with B if {e,e*) = (0,0). If {e,e*) = (1,1) (resp. 
(1,0), (0,0)), each finite-dimensional irreducible £-module (resp. £'-module, S-module) can 
be regarded as a T-module via the injective algebra homomorphism ips : T — > C Such a 
T- module is called a T-module via ips- We determine when a finite-dimensional irreducible 
^-module (resp. ^'-module, i3-module) remains irreducible as a T-module via and by 
finding an explicit formula for the Drinfel'd polynomial Pv{X), we show that every finite- 
dimensional irreducible T-module with type s arises in this way via ips (see Theorem 11.91 ). 



koki 


= kikQ = 


= 1, 


ki fcj 


= kj^ ki 


= 1, 








^i^j k^ 
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q-q- 
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-1 ' 


[e^e-] 


= (i 





- {q' + g-^)e±e±e± + ef{eff] =0 (. ^ j)- 
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We give an overview of finite-dimcnsional representations of L that we need to state our 
explicit construction of irreducible T-modules via (/J^- For a G C (a 7^ 0) and £ G Z > 0), 
a) denotes the evaluation module of C, i.e., V{i, a) is an (£+ l)-dimensional vector space 
over C with a basis Vq, Vi, . . . , on which C acts as follows: 



koVi = q Vi, 

kiVi = q^~'^'vi, 

e+Vi = aq[i + l]vi+i, 

e^Vi = a'^^q'^li - i + l]vi_i, 

efvi = [i + Vi-i, 

e^Vi = [i + l]vi+i, 

where v^i — v^+i = and [7] = [j]q — {q^ — q"^) /{q — q"^)- V{i, a) is an irreducible >C-module. 
We call Vo,Vi, . . . ,V£ a standard basis. 

Let A denote the coproduct of C: the algebra homomorphism from C to C <S> jO. defined 

by 

A(e+) = ki^ef + el 1, 

A{elki) = ki<Si e~ki + e^ki<Si 1. 

Given £-modules Vi, V2, the tensor product Vi ® V2 becomes an £-module via A. Given a 
set of evaluation modules V{ii, ai) (1 < i < n) of C, the tensor product 

makes sense as an £-module without being affected by the parentheses for the tensor product 
because of the coassociativity of A. 

With an evaluation module V{£,a) of £, we associate the set S{£,a) of scalars ag~^+^, 

S{e,a)^{aq'''-^+' \0<i<e-l}. 

The set S{i, a) is called a q-string of length i. Two g'-strings S{£, a), S{£', a') are said to be 

adjacent if S{£, a) U S{£', a') is a longer g-string, i.e., S{£, a) U S{£', a') = S{£", a") for some 
£", a" with £" > max{£, £'}. It can be easily checked that S{i,a), S{i',a') are adjacent if 
and only if a~^a' = g^* for some 

ie{\e-£'\ + 2, \£-i'\+4:,--- ,£ + £'}. 

Two g-strings S{£, a), S{£', a') are defined to be in general position if they are not adjacent, 
i.e., if either 

(i) S{£, a) U S{i', a') is not a g-string, 
or 

(ii) S{£, a) C S{e, a') or S{£, a) D S{£', a'). 
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A multi-set {S{ii, ai)}^^^ of g-strings is said to be in general position if S{ii, Oj) and S{ij, aj) 
are in general position for any i,j{iy^j,l<i<n, l<j<n). The following fact is 
well-known and easy to prove. Let Q he a. finite multi-set of nonzero scalars from C. Then 
there exists a multi-set {S{ii,ai)}^^i of g-strings in general position such that 

n 

Q = [j S{i,,a,) 

i=l 

as multi-sets of nonzero scalars. Moreover such a multi-set of g-strings is uniquely determined 
by n. 

With a tensor product V{£i,ai) ® ■ ■ ■ V{£n,an) of evaluation modules V{£i,ai) (1 < 
i < n), we associate the multi-set {S{ii,ai)}^^-^ of g-strings. The following (i), (ii), (iii) are 
well-known [2]: 

(i) A tensor product V{ii,ai) ® ■ ■ ■ ® V^(£„,a„) of evaluation modules is irre- 
ducible as an £ -module if and only if the multi-set {S{ii,ai)}^^^ of g-strings is 
in geneal position. 

(ii) Set V = V{ii,ai) ® ■■■ ® V{L,an), V = V{i[,a[) ® and 
assume that V, V' are both irreducible as an £-module. Then V", V are iso- 
morphic as ^-modules if and only if the multi-sets {>S'(£j, aj)}"^^, a^)}"^^ 
coincide, i.e., n = n' and = = a- for aX\ i {1 < i < n) with a suitable 
reordering of S{1[, a[), ■ ■ ■ ,S{£'^, a'^). 

(iii) Every nontrivial finite-dimensional irreducible £-module of type (1,1) is 
isomorphic to some V{ii, ai) ® ■ ■ ■ V{in, dn)- 

Two multi-sets {S{£i, ai)}^^^, {S{i[, a'^)}"^^ of g-strings are defined to be equivalent if 
there exists G {±1} {I < i < n) such that {S{ii,af)}^^^ and {5'(£-, a-)}"^^ coincide, 
i.e., n = n' and ii = i[, af = a- for all i (1 < i < n) with a suitable reordering of 
S{i'i,a[), ■ ■ ■ ,S{i'^,a'^). A multi-set {5'(£i, Oj)}"^^ of g-strings is defined to be strongly in 
general position if any multi-set of g-strings equivalent to {S{ii, aj)}"=i is in general position, 
i.e., the multi-set {S(ii, )}"=5^ is in general position for any choice of Ei G {±1} (1 < < ?t-)- 

Lemma 1.14 Let Q be a finite multi-set of nonzero scalars from C such that c and 
appear in Q in pairs, i.e., c and have the same multiplicity in Q for each c E fl, where 
we understand that if 1 or -1 appears in Q, it has even multiplicity. Then there exists a 
multi-set {S{ii,ai)}^^^ of q- strings strongly in general position such that 

n 

Q = [j {S{i„a,)USie„a;')) 
1=1 

as multi-sets of nonzero scalars. Such a multi-set of q-strings is uniquely determined by fl 
up to equivalence. 
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Lemma 11.141 will be proved in Section 7. 



Theorem 1.15 (Case {e,e*) = (1, 1)) Let T = Tq denote the augmented TD-algehra of 
the 1st kind. The following (i), (ii), {Hi) hold. 

(i) A tensor product V{ii,ai) ® ■ ■ ■ ® V{in,an) of evaluation modules is irreducible as a 
T -module via ips if and only if — ^ S{ii, ai) U S{li, a~^) for all i {1 < i < n) and the 
multi-set {S{li,ai)}^^^ of q- strings is strongly in general position. In this case, the T- 
module V = V{ii, ai) (g) ■ ■ ■ V{in, an) via ips has type s and diameter d = £i + ■ — \-in 
and the Drinfel'd polynomial PvW of the T -module V via (fs is 

n 
i=l 

where 

Pv(i.,ad^)= n + C + 

ceS{ii,ai) 

(ii) Set V = V{£i,ai) O ■ ■ ■ V{£n,an), V = V{£[,a\) ® ■■■ ® V{£'^,,a'^,) and assume 
that V, V are both irreducible as a T -module via ips- Then V , V are isomorphic as 
T-modules via ips if and only if the multi-sets {>S'(£j, aj)}"^^, ai)}r=i of q- strings 

are equivalent. 

{Hi) Every nontrivial finite- dimensional irreducible T-module of type s is isomorphic to 
some T-module V{£i, ai) ® ■ ■ ■ (8> V{in, dn) via ips . 

Theorem 11.151 will be proved in Section 7. Note that the Drinfel'd polynomial of an 
irreducible T-module V{£i,ai) ® ■■■ ® V^(£„,a„) via ips is determined by the multi-set 
{S{£i,ai)}^^-^ of g-strings and independent of ips- Problem [21 which is to determine A^^(T) 
and A^^'*(T), is solved by Theorem 11.151 as follows in the case of {£,£*) = (1,1)- Assume 
{£,£*) = (1,1)- The set A^^(T) is determined in terms of tensor products of evaluation 
modules by Theorem 11.151 (i). (ii), (iii). Recall the bijection V -fV(A) from A^^(T) to 
in Theorem 11.91 . The subset A^^'*(T) of A^^(T) is nonempty if and only if the conditions 
(m hold, i.e., 

± St, ±st-^ ^{q' \i = -d + l,-d + 2,--- ,d-l}, (15) 

and in this case A^^'*(T) is mapped onto Pj'* by the bijection V ^— -Py (A) (see Corollary [TTT2]). 
For an irreducible T-module V{£i, ai) ■ ■ ■ V{£n, a„) via ips, we find by Theorem 11.151 (i) 
that -Pi/(A) does not vanish at A = + if and only if — ^ S{£i, ai) U S{£i, a~^) for all 
i i ^ n). Thus we have 

Corollary 1.16 Assume {e,e*) = (1,1). Then M'^{T) and Mj{T) are determined as 
follows. 

(i) A^^(T) consists of the isomorphism classes of T-modules V{£i, ai) <S) ■ ■ ■ ® V{£n, an) 
via ips with the properties that 
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(i.l) the multi-set ai)}^^j^ of q- strings is strongly in general position, 

(z.2) ^ a,) U S{U, aT^) for alli {l<i<n), 
(z.3) d = li + --- + ln. 

The isomorphism classes of such T -modules V"(£i, ai) ® ■ ■ ■ ® V{in, CLn) via (fs in 
one-to-one correspondence with the equivalence classes of the multi-sets {S{ii,ai)}^^-^ 
of q-strings that have the properties (i-l), {i.3) above. 

(a) Ai^/{T) is nonempty if and only if the condition ( 1731) holds. Suppose the condition 
( lijp holds. Then M.^/{T) consists of the isomorphism classes of T -modules V"(£i, ai)® 
• • • (S> V{ln-,0"n) via (fis with the properties (i-l), (^-2), (i.3) above and 

(ii.l) -t^ i S{^i,ai)\^S{^i,a~^) foralU {l<i<n). 

The next theorem follows from Corollary 11.161 and [HI Proposition 7.15]. It solves Prob- 
lem [3], which is to determine the finite-dimensional irreducible representations of the q- 
Onsager algebra up to isomorphism. For an ^-module V, let pv denote the representation 
of C afforded by the £-module V. Then pv o is the representation of T afforded by the 
T-module V via ips, and pv o Ps ° k is a representation of A, where 

k ■ A — > T (z, z* ^ zt, z*) 

is the injective algebra homomorphism from Proposition II. 1[ 

Theorem 1.17 Assume {e,e*) = (1, 1). Let A = A'^q'^^ denote the q-Onsager algebra. The 
following (i), {ii), {iii) hold. 

{i) For an C-module V = V{£i, oi) ■ ■ ■ CS) V{in, an) and nonzero s, t E C, the represen- 
taiton Pv o ps o ^ of A is irreducible if and only if 

(i.l) the multi-set {S{ii,ai)}^^^ of q-strings is strongly in general position, 

{i.2) none of — s^, —t^ belongs to S{ii, Oj) U S{ii, a^-^) for any i {1 < i < n), 

(i.3) none of the four scalars ±st, ±st~^ equals g* for any z G Z {—d-\- 1 < i < d—1), 
where = £i + ■ ■ ■ + £„. 

(ii) For C-modules V = V{ii, ai) ■ ■ ■ ® 1/(£„, a„), V = V{i[, a[) ^ ■ ■ ■ ® V{i'^,, <,) and 
(s, t), (s', t') G (C\{0}) X (C\{0}), set p = Pv o k and p' = pv o ips' o tf . Assume 
that the representations p, p' of A are both irreducible. Then they are isomorphic 
as representations of A if and only if the multi-sets {>S'(£j, Oj)}"^^, {_^{.^'i-.^i)Yi=\ ^^^^ 
equivalent and {s,t) ^ {s',t') in the sense of ffTTj) ,i.e., 

{s',t') G {±(s,t), ±{t-\s''), ±{t,s), ±{s-\t-')}. 

(iii) Every nontrivial finite- dimensional irreducible representation of A is isomorphic to 
Pv ° Ps° k for some C-module V = V{ii, ai) ® ■ ■ ■ ® V{in, an) and (s, t) G (C\{0}) x 
(C\{0}). 
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Proof. The assertions (i), (iii) follow from Corollary 11.61 and Corollary I1.16[ since Trr^/{T) 
is naturally identified with A^J*(T). To prove the assertion (ii), suppose that the irreducible 
representations p = pv o ^Ps ° k and p' = pv' o ipg/ o i^, of A are isomorphic, where V = 
ai) ® ■ ■ ■ ® V{in, a„), V = V{i[, <) ® ■ ■ ■ ® V{i'^„ <,)• Set A = p{z), A* = p{z*) 
and B = p'{z), B* = p'{z*). Then A, A* are a TD-pair belonging to STT>f'^ \ where 
b = st, b* = st~^, d = ii + ■ ■ ■ + in, and B, B* are a TD-pair belonging to STV^^/'^ \ where 
c = s't', c* = s't'~^, d' = £[ + ■■■ + (see Proposition II. 5p . Since p, p' are isomorphic, 
the TD-pair A, A* is isomorphic to the TD-pair 5, 5*, so we have {b,b*) ~ (c, c*) in the 
sense of ([8]), i.e., (s,t) ~ (-3',^') in the sense of (fTTI) . Moreover by |8, Proposition 7.15], the 
Drinfel'd polynomial -Py (A) of the T-module V via coincides with the Drinfel'd polynomial 
Pv'{)^) of the T-module V via ifg/. By Theorem 11.151 (i) and Lemma |1.14[ the multi-sets 
{5'(4, {S{i[,a'i)}^^^ of g-strings are equivalent. 

Conversely for the irrreducible representations p = pv o o it and p' = pv' o y^s' ° k' 
of ^ with V = V{ii, ai) ® ■ ■ ■ ® ^(C a„), V = V{i[, a'J O ■ ■ ■ O a'^,), suppose that 

{s,t) ~ {s',t') and the multi-sets Oj)}"^^, a^)}"^-^ of g-strings are equivalent. Set 

b = St, b* = st-\ c = s't', c* = s't'-^ and d = ii + ■■■ + in, d' = i'^ + ■■■ + i'^,. Then 
{b,b*) ~ ice*) and d = d', so STvf^'^ = Srv[T'\ Set A = p{z), A* = p{z*). Then 
A, A* is a TD-pair belonging to STV^^'^ \ so it belongs to STV^^,'^ ^ the difference is the 
orderings of the eigenspaces of A, A* . Apply Proposition 1 1 . 51 to STV'^^,'^ \ Then there exists 
a unique representation p" of T up to isomorphism belonging to Xrr^^,'* (T) such that the 
TD-pair B = p" o Lt'{z), B* = p" o it\z*^ is isomorphic to A, A*. By Theorem 11.151 (iii), 
we may assume p" = pv" o fs' for some V" = V{i'l,a'() ^ ■ ■ ■ ® V {£'^„ , a'^„) . Apparently, 
p" o i^i = pyii o ifgi o is isomorphic to p = pv o ° k as representations of A, since the 
TD-pair B = p"oLt'{z), B* = p" oLti{z*) is isomophic to A = p{z). A* = p{z*). Then by what 
we have already proved in the 1st half of the proof, the multi-set {S{i'-,a'[)}^^^ of g-strings 
is equivalent to {S{ii, cii)}^^i and hence to {S{i'^, a^liLi- "^^^^ means p" o = pyn o {p^, o Lt' 
is isomorphic to p' = pv' o Lp^/ o as representations of A. So p, p' are isomophic as 
representations of A. This completes the proof of the theorem. □ 

Next we consider the case {e,e*) = (1,0). Then (psiT) C C. Note that the subalgebra 
jC' of C is, by the triangular decomposition of C, isomorphic to the algebra generated by the 
symbols Cq , ef, kf {i = 0, 1) subject to the defining relations 

koki = kiko = 1, 
kikj^ = k^ ki = 1, 

k.efk^' = q^^ef, 
[eo>er] = 0, 



iQ' + q-')etelet + elietf] = (.^j)- 
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So the evaluation module V{i, a) makes sense as an >C'-modle even for a — 0: for the standard 
basis VqjVi, - ■ • ,V(i of V{i, a), 

kiVi = q Vi, 

e^Vi = aq[i + l\vi+i, 

e~Vi = [i + l]vij^i. 

For a positive integer £ and a scalar a e C, allowing a = 0, a) is irreducible as an 
>C'-module and called an evaluation module for C . Since the coproduct A of £ is closed for 
C , i.e., A(>C') C £' (g) C , the tensor product V{li, oi) (8) • • • T^(-^n, On) of evaluation modules 
for C becomes an C -module. We denote by V{1) the evaluaion module 1^(^,0). We allow 
^ = for V{1) and understand that V^(0) is the trivial £'-module, i.e., the 1-dimensional 
space on which kf^ = 1, the identity map, = ef = 0, the zero map. Thus V{1, a) means 
the evaluation module for C with £ > 1, a 7^ and V{t) the evaluation module V{1, 0) for 
C with ^ > 0. 

Theorem 1.18 (Case {e.e*) = (1,0)) Let T = Tq ^'^^ denote the augmented TD-algehra of 
the 2nd kind. The following (i), (u), (iu) hold. 

(i) A tensor product V{^) ® V{li,ai) ® ■ ■ ■ ® V{in,an) of evaluation modules for CJ is 
irreducible as a T -module via (fg if and only if — s^^ ^ S{ii,ai) for all i {1 < i < n) 
and the multi-set {S{ti,ai)Y^^^ of q- strings is in general position. In this case, the 
T-module V — V{i) ® V{£i,ai) ® ••• ® V^(£„,a„) via (ps has type s and diameter 
d — i -\- £1 -\- • ■ ■ -\- in and the Drinfel'd polynomial Pv{^) of the T-module V via (fig is 

n 

Pv^(A) = Pv(,)(A)n^m,a.)(A), 

i=l 

where 

c£S{ii,ai} 

(ii) Set V = V{i) V{ii, ai) (8) • • • ® V{in, a^), V = V{e') (g) V{e[, a[) ^ ■ ■ ■ <^ V{i'^,, <,) 
and assume that V , V are both irreducible as a T-module via ips- Then V, V are 
isomorphic as T -modules via (fg if and only if i = i' and the multi-sets {S{ii,ai)}^^^, 
{S{i'i,a'^)}'^^-^ of q- strings coincide, i.e., n = n' , ii ~ Ui — a[ for all i (0 < i < n) 
with a suitable reordering of S{i[, a[), - ■ ■ , 5'(£^, a^). 

(Hi) Every nontrivial finite- dimensional irreducible T-module of type s is isomorphic to 
some T-module V{i) (8) V{ii, Oi) (g) • • • (g) V{£n, an) via (fg ■ 
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Theorem 11.181 will be proved in Section 7. Note that the Drinfel'd polynomial of an 
irreducible T-module V{i)®V{ii, ai)®- ■ ■(8)V"(£„, a„) via ips is determined by i and the multi- 
set {S{ii,ai)}^^^ of g-strings, independent of ips- Problem [2], which is to determine A1^(T) 
and A4^/{T), is solved by Theorem 11.181 as follows in the case of {£,£*) = (1,0). Assume 
{£,£*) = (1,0). The set A^^(T) is determined in terms of tensor products of evaluation 
modules by Theorem 11.181 (i). (ii), (iii). Recall the bijection V ^— -Py(A) from A^^(T) to 
in Theorem 11.91 . The subset A^^'*(T) of A^^(T) is nonempty if and only if the conditions 
([T3D, ([HD hold, i.e., 

±st^ {q' \i = -d + l, -d + 2,-- - ,d-l}, (16) 

and in this case M.'^/{T) is mapped onto Pj'* by the bijection V H-i> Pv(A) (see Corollary [TTT2]). 
For an irreducible T-module V = V{i) V{ii,ai) ■ ■ ■ ® V{in,CLn) via ips, we find by 
Theorem 11.181 (i) that Pv{^) does not vanish at A = if and only if —t"^ ^ S{ii,ai) for all 
i {1 < i <n). Thus we have 

Corollary 1.19 Assume {e,£*) = (1,0). Then A^S(T) and Mj{r) are determined as 
follows. 

(i) A^^(T) consists of the isomorphism classes of T -modules V{€) ® V"(£i,ai) ® ■ ■ ■ ® 
V{in, On) via ifs with the properties that 

{i.l) the multi-set {S{li,ai)}'^^^ of q- strings is in general position, 

(1.2) ^ gi^^.^ alii {l<i<n), 

(1.3) d = e + ei + --- + in. 

The isomorphism classes of such T -modules V{i) C?> V{ii, ai) ® ■ ■ ■ ^ V{in, an) via ips 
are in one-to-one correspondence with the set of pairs of i G NU {0} and the multi-sets 
{S{ii,ai)}^^^ of q-strings that have the properties {i-1), (^-2), (z.3) above. 

(a) Ai'^fiT) is nonempty if and only if the condition f 1 1 61) holds. Suppose the condition 
ff76|) holds. Then Ai'^fiT) consists of the isomorphism classes of T -modules V"(£) ® 
V"(£i,ai) ® ■ ■ ■ ® V{in,cin) via ips with the properties {i.l), (^-2), {i.3) above and 

(ii.l) -t^ i S[ii,ai) for alii {\<i<n). 

The next theorem follows from Corollary 11.191 and [HI Proposition 7.15]. It solves Prob- 
lem [H which is to determine Xrr{A), the set of isomorphism classes of finite-dimensional 
irreducible representations of the TD-algebra A = A\^'^^ of the 2nd kind that have the 
property (Ci). For an £'-module V, let pv denote the representation of C afforded by the 
£'-module V. Then py o (p^ is the representation of T afforded by the T-module V via ips, 
and Pv o {psO Lt is a representation of A, where it : A — > T {z, z* ^ zt, z^) is the injective 
algebra homomorphism from Proposition II. 1[ 

Theorem 1.20 Assume {e,e*) = (1,0). Let A = AI^'^^ denote the TD-algebra of the 2nd 
kind. The following {i) , {ii), {Hi) hold. 
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[i) For an C -module V = V{i) (8> V{ii,ai) (8> ■ ■ ■ ® V{in,an) and nonzero s, t G C, the 
representaiton py o ip^o if of A is irreducible if and only if 

(i.l) the multi-set {S{li,ai)}^_^ of q- strings is in general position, 
{i.2) none of —s""^, — belongs to S{£i,ai) for any i {1 < i < n), 
(z.3) none of ±st equals g* for any i E^L {—d + l<i<d — 1). 

(ii) For C -modules V = ¥{£) ® V{ii,ai) ® V^(^n,a„), V = V{i') ® V{e[,a[) ® 

■■■ ® 1/(£;,,<,) and (s,t), {s',t') e (C\{0}) x (C\{0}), set p = pv o ip, o ^ and 
p' = Pv' ° fs' ° k' ■ Assume that the representations p, p' of A are both irreducible. 
Then they are isomorphic as representations of A if and only if i = I' , the multi-sets 
\S{ii.,a^Yi=\j {_^{.^'i-,^i)Yi=\ coincide and {s,t) ~ {s',t') in the sense of ,i.e., 

{s',t')e{±is,t),±{t~\s~')}. 

{Hi) Every nontrivial finite- dimensional irreducible representation of A is isomorphic to 
Py o o if for some C -modules V = V{£) ® V{ii, ai) • ■ ■ (S) V{in, a-n) and {s, t) G 
(C\{0}) X (C\{0}). 

We do not give a proof of Theorem ll.20[ since it can be proved by the same argument 
for the case of the g-Onsager algebra. 

Finally we consider the case {e, e*) = (0, 0). By Proposition [TTT31 fs gives an isomorphism 
between the augmented TD-algebra T and the Borel subalgebra B of C The TD-algebra A 
is isomorphic to the positive part of the Borel subalgebra B. 

Theorem 1.21 (Case {e,e*) = (0,0)) Let T = Tq'^'^^ denote the augmented TD-algebra of 
the 3rd kind. The following {i), (ii), (Hi) hold. 

(i) A tensor product V{ii, ai) ® ■ ■ ■ ® V{£n, an) of evaluation modules for C is irreducible 
as a T -module via ips if and only if the multi-set {S{ii, ai)}^=i of q- strings is in general 
position. In this case, the T -module V = V{ii, ai) <S) ■ ■ ■ <S) V{in, On) via ips has type s 
and diameter d = ii -\- ■ ■ ■ -\- in and the Drinfel'd polynomial Pv{^) of the T -module V 

via ifs is 

n 

^y(A)=n^m,a.)(A), 

where 

^m,a,)(A)= n (^+^)- 

ces{ei,ai) 

(ii) Set V = V{ii,ai) O ■ ■ ■ O 1^(4, ««), V = V{£[,a\) (g) ■ • • (g) V{£'^,,a'^,) and assume 
that V, V are both irreducible as a T -module via ips- Then V , V are isomorphic as 
T-modules via ips if and only if the multi-sets {S{ii,ai)}^^^, {S{i[,a[)}^^^ of q- strings 
coincide. 

{Hi) Every nontrivial finite- dimensional irreducible T-module of type s is isomorphic to 
some T-module V{ii, ai) <S) ■ ■ ■ ® V{in, an) via ips . 
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Theorem 11.211 is well-known but a brief proof will be given in Section 7. The polynomial 
A'^Py (A~^) {d = ii + ■ ■ ■ + in) for the case (e, e*) = (0, 0) is known as the original Drinfel'd 
polynomial: 

n 

A'^py(A-^)=n n (1+^^)- 

i=l ceS{ii,ai) 

Corollary 11.221 and Theorem 11.231 below, which are the main results of [TJ Theorem 1.6, 
Theorem 1.7], follow immediately from Theorem 11.211 through Theorem ll.91 and Corollary 
I1.12[ solving Problem [1] and Problem [2] in the case of {e,e*) = (0,0). 

Corollary 1.22 Assume {e,e*) = (0,0). Then 7V1^(T) and M.^/{T) are determined as 
follows. 

{i) A^^(T) consists of the isomorphism classes of T -modules V{ii, ai) (g) ■ ■ ■ (g) V{in, c^n) 
via ifs with the properties that 

{i.l) the multi-set {S{ii,ai)}^^^ of q- strings is in general position, 
{i.2) d = ii + ■■■ + £„. 

The isomorphism classes of such T -modules V{ii, ai) ® • ■ ■ ® V"(£„, a„) via ips are in 
one-to-one correspondence with the set of the multi-sets {S{ii,ai)}^^^ of q-strings that 
have the properties {i-1), {i-2) above. 

(a) Ai^/iT) is nonempty for any nonzero s,t AA^fiT) consists of the isomorphism 

classes of T -modules V{ii,ai) ® ■ ■ ■ ® V{in,0'n) via ips with the properties {i-l), {i.2) 
above and 

(2.1) -t^ ^ S{ii,ai) for alii {l<i<n). 

Theorem 1.23 Assume {e,e*) = (0,0). Let A = Af''^^ denote the TD-algebra of the 3rd 
kind. The following {{) , (ii), {Hi) hold. 

(i) For an C-module V = V{ii, Oi) ® ■ ■ • ® V{£n, a„) and nonzero s, t E C, the represen- 
taiton pv o <fs ° k of A is irreducible if and only if 

(i.l) the multi-set {^(^j, ai)}"^^^ of q-strings is in general position, 
{i.2) -t^ ^ S{ii,ai) for any i {0<i<n). 

{ii) For C-modules V = V{ii, ai) O ■ ■ ■ (g) 1/(4, a„), V = V{i[, a[) ® ■ ■ ■ ® K(f„,, a'„,) and 
{s, t), {s', f) G (C\{0}) X (C\{0}), set p = pv o ° k o,nd p' = pyi o ipg, o i^i . Assume 
that the representations p, p' of A are both irreducible. Then they are isomorphic as 
representations of A if and only if the multi-sets {S{li,ai)}^^^, {5'(£^, a-)}"=i coincide 
and {s,t) = ±{s',t'). 

{Hi) Every nontrivial finite- dimensional irreducible representation of A is isomorphic to 
Py o ifgO for some C-module V = V{ii, ai) ® ■ ■ ■ ® V{in, dn) md {s, t) G (C\{0}) x 
(C\{0}). 
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Let A, A* E End(l/) be a TD-pair of Type I with eigenspaces {Vi}f^Q, {V*}f^Q respec- 
tively. Then we have the spht decomposition (see Section 1.1): 

d 
i=0 

where 

Ui = iv* + --- + v:)niv^ + --- + Vd). 

By [SI Corollary 5.7 ], it holds that 

dim Ui = dim Vi = dim V* {0<i<d), 

and 

dim[/j = dimUd-i {0 <i <d). 

Note that dim Ui is invariant under standardization of A, A*. We want to find the generating 
function for dimUf. 

d 

(7(A) = (dim f/,) v. 

1=0 

We may assume that A, A* are standardized. Then by Theorem 1 1.17[ Theorem ll.20[ Theorem 
ll.23[ the TD-pair A, A* is afforded via ips o tt by an £-module 

V = V{£i,ai)®---®V{en,an) 

for the cases {e,e*) = (1, 1), (0,0) and by an £'-module 

V = V{i) ® \/(£i, ai) ® ■ ■ ■ ® V{in, a„) 

for the case {e,e*) = (1,0). The split decomposition of V for A, A* coincides with the 
eigenspace decomposition of the element of C acting on V. Thus we have 

Proposition 1.24 ([3, Conjecture 13.7]) 

n 

gW = l[{i + x + x' + --- + x'') if (£,o = (i,i), (0,0), 

i=l 
n 

gix) = JJ(i + a + a2 + ... + a^0 with 4 = ^ if (£,£*) = (1,0). 

i=0 

A TD-pair A, A* is called a Leonard pair if dim Ui = 1 for all i {0 < i < d). A 
standardized TD-pair A, A* of Type I is a Leonard pair if and only if it is afforded by an 
evaluation module. In view of this fact, a standardized TD-pair A, A* of Type I is regarded 
as a 'tensor product of Leonard pairs'. 
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2 Linear bases for A and T 

In this section, we give a linear basis for the TD-algebra A that involves the generators z, z* . 
We also give two linear bases for the augmented TD-algebra T; one involves the generators 
X, ?/, k"^^ and the other involves the generators zt^ z^, k"^^ (see Section 1.2). Using these 
bases, we prove Proposition II. ![ Proposition 11.31 and Proposition 11.131 

For an integer r > 0, we denote by A,, the set of sequences A = (Aq, Ai, ■ ■ ■ , A^) of integers 
such that Aq > 0, Aj > 1 (1 < 2 < r), and define A to be the union of A^ (r > 0): 

A^ = {A = (Ao,Ai,--- ,A^) G Z''+^ I Ao > 0, Ai > 1 (1 < i < r)}, 
A = U A,. 

r6NU{0} 

Call A = (Aq, Ai, ■ ■ ■ , A^) G A irreducible if there exists an integer z (0 < 1 < r) such that 

Aq ^ Ai ^ ■ ■ ■ ^ Aj ^ Aj^i ^ ■ ■ ■ ^ Aj.. 

Note that each A in Aq U Ai is irreducible. We denote the set of irreducible A G A by A*'^'": 

j^irr = |A G A I A is irreducible}. 

Let X, Y denote noncommuting indeterminates. For A = (Aq, Ai, ■ ■ ■ , A^) G A, we define the 
word uJx{X, Y) by 

(V Y] - j X^oY^^ ■ ■ ■ X^"- if r is even, 
^x[X,Y) - < ^Xoy^i ...Y^r ifrisodd, 

where we interpret X^° = 1 if Aq = 0. By the length of the word uJx{X,Y), we mean 
Ao + Ai + ■ ■ • + Ar and denote it by |A|: 

|A| = Ao + Ai + --- + A^. 

Theorem 2.1 The following set is a basis of the TD-algebra A as a C-vector space: 

{u;x{z,z*) I AgA^^'-}. 

Theorem 2.2 Each of the following sets is a basis of the augmented TD-algebra T as a 
C-vector space: 

(i) {fc"wA(x,i/) I n G Z, AG A^'^'^}. 

{ii) {k"'uJx{zt, zl) I G Z, A G A*''*'}, where t is a fixed nonzero scalar of C and Zt, z*, k^^ 
are the second generators of T that are introduced m Q in Section 1.2. 
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We first prove the spanning property for tlie sets in Tlieorem I2.H Tlieorem I2.2[ Our 
strategy will be to reduce the essential part to [U Theorem 2.29]. We start with a description 
of the C-algebra generated by symbols ^, r/, subject to the relations (TD)^: = 

K~^K = 1, K,C,K^^ = q^S,-, K,riK~^ = q~'^ri. Let $ denote the free algebra over C generated by 
symbols ^, rj. Let C[k,, denote the algebra over C generated by symbols n, k,~^ subject 
to the relations 1. Consider the C- vector space C[k, k, ^] ® where (g) = 

This space has the basis 

{k"" (g)ujxi^,v) \neZ, XeA}. 
Define the product of basis elements by 

and extend it bilinearly to the product of elements of C[k, k^"*^] ® $. Then C[k, /t^^] ® $ 
becomes an associative C-algebra. The mapping f®u fu {f E C[k, m G $) induces a 
C-algebra isomorphism from C[k, 0$ to the C-algebra generated by ^, rj, k, k,~^ subject 
to the relations (TD)^: kk~^ = = 1, kC^k^^ = q"^^, nrjn'^ = q^'^rj. We henceforth 

identify these two algebras via the isomorphism and denote this algebra by C[k, 

Define the elements Vo,Vi G $ and Uq,Ui G C[/t, by 

where P = q'^ + q~^ and 6' = —{q — q"^){q^ — q^^){q^ — q^^)q'^. Let X denote the two-sided 
ideal of C[k, generated by vq — uq, vi — ui\ 

1 = C[k, k-^]^ {vo - Mo)$ + C[k, K-^]^{vi - Mi)$. 

Since the relations (TD)' for the augmented TD-algebra is vq = uq, vi = ui, the quotient 
algebra C[/t, /t^^]$/X coincides with T and we have the canonical algebra homomorphism 

TTr : C[k, k^^]^ — > T r], k, k^^ t— > x, y, k, k~^ respectively). 

Let J' denote the two-sided ideal of $ generated by Vo,Vi: 

J = ^Vq^ + $t;i$. 

Write ^iii = for the quotient algebra (the TD-algebra of the 3rd kind), and let us use 
the bar notation for the canonical algebra homomorphism: 

ttAii : ^ — ' -^ni i^,V^ respectively). 
By in Theorem 2.29], the set {u!\{^,f]) \ A G A"'''} is a basis for Consequently 

^ = W + J (direct sum). 



26 



where W is the subspace of $ spanned by 

{o;,(e,r/) I AG A-}. 

For an integer n > 0, we mean by a word of length n in $ a product aia2 ■ ■ - CLn in ^ 
such that G rj} for 1 < i < n. We interpret the word of length as the identity in $. 
Let denote the subspace of $ spanned by the words of length n. For example, $o = C 1. 
We have the direct sum $ = X]n>o = ^r+s for all r, s > 0. For an integer 

n > 0, difine Wn = fl W and J'n = fl JT". This yields the direct sum decompositions 
W = En>o and J = J2n>o Jn- By $ = W + J, we have 

for n > 0. Since fo, f i G $4, 

where both sums are over the ordered pairs of nonnegative integers such that i + j = 
n — 4. In particular, J^ = for n < 3. Since Vq = {vq — Uq) + Uq, Vi = {vi — ui) + ui and 
Mo, Ml G C[k, k~^]$2, the above expression for J7n together with the definition of X implies 

JnCX+C[K,K-^]<!>n-2 > 4). 

To prove that the set in Theorem 12.21 (i) spans T, it suffices to show 

To this end we show C[k,, K~^]^n ^ C[fi;,K^^]W + X for n > and this will be done by 
induction on n. Let n be given. Recall $„ = Wn + J^n- If n < 3, then J'n = 0, and so 
= ^ and certainly C[k, K,~^]^n ^ k~^]W + X as desired. If > 4, we argue 

C[K,K-^](!>n = C[k, K-^]Wn + C[k, K-^]Jn 

C C[K,K-^]W + I + C[K,K-^]^n-2 

and this is contained in C[k, k'^^]VV + X by induction on n. We have now proved that the 
set in Theorem 12.21 (i) spans T. 

To prove the spanning property for the sets in Theorem 12. II and Theorem 12.21 (ii), let J' 
denote the two-sided ideal of $ generated by vq — e6[C,, r]] and vi — e*6[C,, t]] : 

J' = $(^0 - e6[^, 7/])$ + $(^1 - e*6[^, r^])^, 

where 5 = — (g^ — q~'^)'^- Since Jn = Yl '^i'^o'^'j + Yl '^j'^j'^i over (i, j) with i + j = n — A, we 
have 

JnCJ' + $„_2 in>A), 
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noting that [^,ri] G $2- We claim that 

$ = >V + J'. 

The inclusion D is from the construction. To get the inclusion C, we show C W + JT' 
for n > and this will be done by induction on n. Let n be given. If n < 3, then 
J7„ = 0, $„ = yV„ + J7„ = >V„ C W so C W + JT' as desired. If n > 4, we argue by 

and this is contained in W + JT' by induction on n. We have now proved the claim. Write 
A' = ^ / J' for the quotient algebra, and let us use the prime notation for the canonical 
algebra homomorphism : 

7r_4/ : $ — > A! {i,rj ^— > ^\ri' respectively). 

The above claim implies that A' is spanned by 

Since the defining relations (TD) for A are Vq = e6[^,ri], vi = e*6[^,ri], A' is isomorphic 
to the TD-algebra A by the correspandence ^' z , t]' z* . This proves that the set in 
Thereom 12.11 spans A. For a fixed nonzero t G C, let {z,z^) denote the subalgebra of T 
generated by Zt, z^. We have a surjective algebra homomorphism 

A' — > {zt, zl) (^', ri zu zl respectively) 

by the relations (TD) for Zt,z\. So {zt,z\) is spaned by {uj\{zt,zl^ \ A G A*^''}. By the 
relations (TD)g for T, it holds that T = J2n€Z^"'(^t^ ^t) ■ Therefore the spanning property 
holds for the set in Theorem 12.21 (ii). 

Next we prove the linear independency of the sets in Theorem 12.11 and Theorem 12. 2[ For 
a nonzero s G C, let (fs be the algebra homomorphism from T to the Uq{sl2)-loop algebra 
£ = Uq{L{sl2)) as in Proposition 11.131 ips sends x, y, k to x(s), |/(s), /c(s), respectively, 
where 

x{s) = a{seQ + es^^e^ ki) with a = —q^^{q — q^^)'^ , 
y{s) = e*seQko + s'^e^, 
k{s) = sko- 

Note that the existence of the algebra homomorphism has been established already, 
although the injectivety of ips is left to be proved. For a nonzero t G C, let be the algebra 
homomorphism from ^ to T as in Proposition [LTJ it sends z, z* to Zt = x+tk+et~^k~^ , z^ = 
y + e*t~^k + tk~^, respectively. Note also that the existence of the algebra homomorphism 
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it has been estabished already, although the injectivity of it is left to be proved. We set 

zt{s) = kiz), z*{s) =(fs° k{z*): 



Zt{s) = x{s) + tk{s) + et k{s) , 
z;{s) = y{s) + e*t-^k{s)+tk{sy\ 



Lemma 2.3 For nonzero scalars s, t G C, each of the following sets is linearly independent 
in C. 

(i) {kis)''LUx{xis),y{s)) \neZ,Xe A"'^}. 
(tt) {k{sriuxizt{s),z:is)) \neZ,Xe A*'^^}. 

The linear independency of the sets in Theorem 12.21 (resp. Theorem 12. ip immediately 
follows from Lemma 12.31 by applying the algebra homomorphism cps (resp. ips o k)- We 
prove Lemma 12.31 by using the triangular decomposition of C together with the basis of ^ni 
given in Let {eQ,ef) (resp. (cq ,ef) ) be the subalgebra of C genereted by Cg , ef (resp. 
Cq, ej~). Then by [H Theorem 2.29], (cq ,e^) (resp. (cq ,e]~) ) is isomorphic to v4iii and has 
the set (resp. 5") as a linear basis, where 

fi+ = {iuxiet,et) I AG A-'^}, 
B- = {^A(eo,er) I AG A^^'^}. 

By the triangular decomposition of £, the set 

B = {uj-k'^uj+ \neZ,uj'e B-, w+ G 5+} 
is a linear basis of C, and so every element of C is uniquely expressed as a finite sum of 

c^,,n^^^tM{eo, e];)k''ujxie^ , ef) 

with c^,n,A G C, n G Z, /i, A G A""''. The expression for the element k{s)^LJx{x{s),y{s)) in 
question of Lemma [2.31 (i) is, by the defining relations of C, 

s'^kQiUxiaseQ, s'^ef) 

plus some other terms c^'_„'a'^^('(^o ' ^r)^'^'^A'(^d5 ^i") with |A'| < |A|. The highest term 
s"'kQUx{aseQ , s~^ef) is the product of the nonzero scalar s'"'Ux{as, s^^) G C, /cq and the 
element uJx{eQ,e^) G B~^. Therefore any linear dependency relation among the elements in 
Lemma [2.31 (i) is the trivial one by induction on the maximal length |A| of A that appears 
in the relation. Similarly the set in (ii) is shown to be linearly independent. This completes 
the proof of Lemma 12.31 

Proof of Proposition 11.11 and Proposition I1.13t the injectivity of it and (^g. The 
algebra homomorphism ips o Lt is injective by Theorem 12.11 and Lemma 12.31 (ii) and so it is 
injective. The injectivity of ips follows from Theorem 12.21 (i) and Lemma [2.31 (i). □ 
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Proof of Proposition II. 3[ Let V he a finite-dimensional irreducible T-module of type 
s, diameter d and V = 0f=o ^« weight space decomposition from Lemma IL2I Since 

Zt = x+tk+€t~^k~^, k\u. = we have Zt = x+9i on f/j, where 9i = stq'^^~^+es~^t~^q'^~'^\ 

Since xUi C f/j+i, we have {zt — Oo){zt — 9i) ■ ■ ■ {zf — Od) = on V. If 6'o, ■ ■ ■ , 9^ are mutually 
distinct, then Zt is diagonalizable on V and it holds that 

Vi + Vi+i + --- + Vd = Ui + U,+i + --- + Ud {0<t< d), 

where Vi is the eigenspace of Zt on V that belongs to the eigenvalue 9i. 

Conversely, suppose zt is diagonalizable on V. Let 9if^,9ij^, ■ ■ ■ ,9i^ denote the distinct 
members among 9i {0 < i < d). Then [zt — 9i^) ■ ■ ■ {zt — 9i^){zt — 9i^) vanishes on V, in 
particular on Uq. We claim 

{zt -9i^) - ■■ {zt - 9iJ{zt -9iJ = fj{x) on Uq 

for some monic polynomial fj of degree j + 1 (0 < j < r). The claim holds for j = 0, since 
Zt — 9ig = X + 9o — 9ig on Uq. If the claim holds for j, then there exit scalars cq, ci, ■ ■ ■ , Cj+i 
with Cj+i = 1 such that 

i+i 

(zt -9i^)--- {zt - 9i,){zt - 9i^)u = ^Cix'u {u G Uq). 

Since the right-hand side has the i-th term CjX*u G Ui and Zt — 9i.^^ = x + 9i — 9i.^^ on 
f/j, the claim holds for j + 1. Thus the claim is proved by induction on j. Since [zt — 
9i^) ■ ■ ■ {zt — 9i^){zt — 9i^^) vanishes on Uq, the monic polynomial of degree r + 1 satisfies 
fr{x)UQ = 0. This implies x^~^^Uq = 0, since x^Uq C Ui and V is the direct sum of U-s. On 
the other hand, we have V = TUq by the irreducibility of the T-module V , so V is spanned 
by ujx{x, y)UQ (A G A^'"'') due to Theorem O For A = (Aq, Ai, ■ ■ ■ , A„) G A^^^ there exists 
some i {0 < i < n) such that Aq < Ai < • ■ ■ < Aj > Aj+i > ■ ■ • > A„. If uj\{x,y)UQ ^ 
for such A, then n are even and it holds that Aj+i = Aj+2 > ■ • ■ > A„_i = A„, since 
xUj C f/,+1, yUj C Uj-i with f/_i = 0. Moreover we have Aj < r, otherwise uj\{x,y)UQ = 
by the vanishing property x^'~^^Uq = we just proved. Therefore if oj\{x,y)UQ ^ 0, then 
uj\{x,y)UQ C Uj, where j = Aj — Aj_i -|- ■ ■ ■ -|- A2 — Ai -|- Aq < Aj < r. Thus V = TUq C 
Uq + Ui + ■ ■ ■ + Ur- This implies r = d, i.e., 9q, - ■ ■ ,9d are mutually distinct. We have now 
prove the first half (i) of Proposition 11.31 The sencond half (ii) is similarly proved, using 
V = TUd. □ 

3 The subspace of height in T 

Let T be the augmented TD-algebra. T is the algebra generated by x, y, subject to 
the relations (TD)q, (TD)' in Section 1.2. We introduce the notion of height for a word in 
X, y, k^ and discuss the structure of the subspace of T spanned by the words of height 0. 
The main result of this section is Theorem 13.11 As applications of Theorem 13. H we prove 
Theorem 11.81 and the injectivity of a in Theorem ll.9[ We keep the notations in Section 2. 
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Consider the free algebra over C generated by $,,r], n, k,~^. Let tq denote the automor- 
phism of this free algebra that sends C,, tj, h, to rj, ^, k, respectively, and let ti denote 
the anti- automorphism that reverses the word order. Then Tq, Ti commute and the prod- 
uct T = tqTi = tiTq is an antiautomorphism that sends a word CiC2"""Cn to C ' ' ' C2C1 
{Ci G {'C) ^) '^~^})) where ^ — rj, ^, k, for Q — ^, 77, k, respectively. Note that 
Tq — tI = t"^ = id, the identity map. Keeping the notations in Section 2, let $ denote the 
free algebra generated by ^,1], and C[k,, k,~^]^ the algebra generated by ^,ri,K,K^^ subject 
to the relations (TD)q : k,k.~^ = = 1, = (f^, nrjn"^ = q~^rj. Since (TD)q is in- 

variant under r as a set of relations, the map r induces an anti-antomorphism of the algebra 
£\k, k~^\^. Recall the elements vq, i^i G $ and uq, ui e C[A;, k~^]^ introduced in Section 2: 

vi = [^v^ - f^v^v + v'^t v], 

r// * 2 2 2 —2\ 

Ui = [£ K rj — er] K, ), 

where f3 = q"^ + g^^, d' = —{q — q){q~'^ — q^){q~^ — q'^)q^. The augmented TD-algebra T is 
defined by (TD)' : t>o = uq, vi = ui together with (TD)q. Since Vq = vi,Uq = ui, (TD)' 
is invariant under r and the map r induces an anti-antomorphism of T. Also r induces an 
anti-antomorphism of Am = where is the two-sided ideal of $ generated by Vo,Vi. 

We use the same notation r for these anti- automorphisms of C[k, T, Am- 

Let W denote the free semi-group generated by ^, 77. As a set, W is the collection of all 
words in Let h 

h: W — 

denote the semi-group homomorphism from W to the additive group Z defined by h{C,) = 
1, h{r]) = —1. For a word w e W, the value h{w) is called the height of w. Thus a word 
of height is a word in which ^, 77 appear the same number of times. Denote by the 
subspace of $ linearly spanned by the words of height i: 

$W = Span{w e W \ h{w) = i}. 

Then $ is the direct sum of the vector spaces (i e Z): 

$ = 0$». (17) 

The above decomposion is an algebra grading, i.e., C $('+^'). Note that is a 

subalgebra of $. The antiautomorphism r changes the sign of the height of a word and so 
sends to In particular, r induces an antiautomorphism of the subalgebra 

Let ^^y™- denote the subspace of consisting of the fixed points of r: 

^sym ^ 1^ g $(0) I ^ 

A word w &W is called nil if w can be written etsw — W1W2 with Wi,W2 & W and h{w2) < 0. 
Let denote the subspace of linearly spanned by the words of height that are nil: 

= Span{w e W I h{w) = 0, w is nil}. 
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Then is a two-sided ieal of and invariant under the antiautomorphism r. Recall 
is the subspase of $ spanned by the words of length n in ^, rj. Set = fl <|)*s''" and 

^rui _ <j)^ Pi Then we have the direct sum decompositions as vector spaces: 

^sym ^ 0$^?^"^, (18) 
n>0 

= 0$f. (19) 
The algebra C[fi;, becomes a graded algebra 

Recall T = C[k, k~^]$/T, where X is the two-sided ideal of C[k, generated by I'd — 

Mo, vi — Ml. Note that vq — uq, vi — ui belong to C[k, k~^]^^'^\ C[k, k^^]^^^'^^ respectively. 
Set 

Then we have 

J=0J». (20) 

For T = C[k, k]^/T, consider the canonical homomorphism 

71 = 71^: C[k,k~'^]^ — >T (^,7], K, i-^ x,y, k, k^^ respectively). (21) 

Set \E' = 7r($), \E''^*) = 7r($*^*)). Then by (1201) . the algebra T inherits the algebra grading of 
C[k, k-^]^ = 0.g^ C[k, via vr: 

T = C[A;, A;-^]^ = C[A;, A;-^]^^. 

iez 

This enables us to define the height function for T: a nonzero element of T is said to have 
height i if it belongs to C[k, k~^]'^^^\ 

Note that = 7r($) is the subalgebra of T generated by x,y. \E' has the grading 

^ = 0^W. (22) 

\E'*^*^ is the subspace of \E' spanned by the words in x, y of height i. '^^^^ is a subalgebra of 
^. The antiautomorphism r of T sends ^^^^ to \E'*^~*''. In particular, r induces an antiauto- 
morphism of the subalgebra Set 

■qjsym ^ 7]-(<l>'*^"'). 
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Then ^"J'™ C ^(o) and every element of is fixed by r. Let denote tfie image of 

Then is a two-sided ideal of "^^^^ and invariant under r. Note that /c, commute 
with every element of So C[fc, A;-^]^^ is a subalgebra of T and C[fc, A;-^]^'*^'™ (resp. 

C[/c, fc"-'^]\E'™') is a subspace (resp. two-sided ideal) of C[/c, /c~^]\E''^°^ 

Theorem 3.1 The following {{), {ii) hold. 
(z) C[A;, A;-i]^(o) _ (^[^^ A;'!]^^?'™ + C[k, k-^]^""'^ . 

{ii) The quotient algebra C[k, k'^j^^^^^Clk, A;~i]\['™' is commutative and generated by k, k~^ 
and y'x' {i = 0, 1, 2, . . .) mod C[k, fc-^]^™'. 

Proof. Our strategy will be to reduce the essential part to ^ Theorem 2.20]. Recall the 
canonical homomophism in Section 2 

V„ ■ ^ — ' ^ni = ^/J i^,V^ ^^V respectively), 

where JT" is the two-sided ideal of $ generated by vo,vi. Apply vr^^^^ to $■5?/™^ 
and denote the images by A^°\ A'y"", respectively. Then is a two-sided ideal of 
A^'^^ and the quotient A^'^^A^^^ is a commutatve algebra generated by f]*^* {i = 0, 1, 2, . . .) 
mod A"''''" (see [H Lemma 3.1]). So each element of A^^^A'^^^ is a linear combination 
of (7^*i^*i)(f^*2^*2) ■ ■ ■ (f^*"^*") mod Apply the antiautomorphism r of to iZ; = 

(?7*i^*i)(77*2,^*2) ■ ■ ■ (f/*"^*"). Then by the commutativity of A^^^ /A^'^'', we have 

= morf^"'. 

w = -{w + w^) + -{w - w^) e A'y"" + 

This means that for a word ?/; in ^, 77 of length n, height 0, there exist elements v G v' G 

such that w — V — v' & J . Write v (resp. v') in the form of the direct sum (ITSl) (resp. 
(HID): = E^^i>^' = Y.A with t;^ G $f ™, t;,' G <l>f'. Observe = Q-Ji, where 
i7j = i7 n $i. Since w G $„, we have w — Vn — v'^ G Thus from the beginning, we may 
assume v = f„, v' = v'^, i.e., for a word w in ^, 77 of length n, height 0, there exist elements 
V G v' G <l>;^*' such that 

^ - - t;' G X = J n $„. (23) 

First we prove Theorem 13.11 (i). Take any word w in x, y of height 0, length n. Choose 
a word w in ^,7] of height 0, length n such that w = 7r{w), where tt is the canonical 
homomorphism from (|2T1) . Then by (l23l) there exixt elements v G v' G such 



Thus 

and hence 
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that w — V — v' & Jn- Observe Jn = ^I'^^o^j + ^I'^i^ji where the summation is over 
i, j with i + i = n — 4, since vq, vi have length 4. Write the element w — v — v' G JJn 
as a linear combination of WiVQWj, w[viw'j for finitely many words Wi,Wj,Wi,Wj in ^,77 such 
that i{wi) + i{wj) = i{w'^) + i{wj) = n — 4, where the functions i stands for the length 
of a word. Recall that $ is a graded algebra according to the height as in f[T7l) . Since 
the element w ~ v — v' has height and fo, vi have height 2, —2 respectively, we may 
assume that h{wi) + h{wj) = —2, /i(w-) + h{Wj) = 2, where the function h stands for the 
height of a word. Apply the canonical homomorphism tt from (pT!) to w — v — v'. Then 
7r(v) e vE^''^'", 7r(t>') G \E'™'. Since n{vo) = 7i{uq), n{vi) = 7i{ui), the terms WiVoWj, w[viw'j in 
the linear combination ioi w — v — v' are mapped to 

7r(^i;i)7rK)vrK-) G C[A;, A;-i](^(°) n ^„_2), 
7rK)7r(Mi)7r(«;;.) G C[A;, A;-i](^(°) n $„_2), 

where = 7r($m). Thus tx{w) - tx{v) - tx{v') belongs to C[A;, A;~^](*(°) n ^„_2), while 
Ti{v) + 7r(i/) belongs to '<^^y^ + x]/™'. The proof of part (i) is completed by induction on n. 

Next we prove Theorem O (ii)- By TheoremE^l C[A;, fc-i]^(°VC[A;, A;-^]^'"^' is linearly 
spanned by k"'Wx{x,y) mod C[/c, where n runs through Z and A runs through 
irreducible sequences such that the word w\{x, y) has height 0. Since A = (Aq, Ai, ■ ■ ■ , A^) is 
irreducible and w\{x, y) has height 0, we may assume that r is even and Aq = 0, Ai = A2 > 
A3 = A4 > ■ ■ ■ > \r-i = \r, otherwise wx{x,y) G Therefore C[fc, fc-i]^(°VC[A;, A;"^]^™' 
is generated by k^^ and y^x^ {i = 0, 1, 2, . . .) mod C[k, /c'-'^jvE'"*'. Note that k^^ commutes 
with y'^x\ We want to show y''x\ y^x^ commute mod C[k, k~^]'$^^'' . Set w = {y^x^){y^x^). 
By part (i) we just proved, there exist f, g & C[k,k~^], u G ^I'^y'^^ v G ^E'™' such that 
w = fu + gv. Then w'^ = fu + gv^, since = u and k, k~^ commute with every word of 
height in x, y. Note that is invariant under r, so w — w"^ = g{v — v'^) G C[k, fc~-'^]\E'™'. 
Since w — w'^ = {y^x'^){y^x^) — {y^x^){y'^x^), this means y^x^ commute mod C[k, /i;~^]\t'"*' 
and the proof of part (ii) is completed. □ 

Proof of Theorem 11.81 Let V" be a finite-dimensional irreducible module of the augmented 
TD-algebra T. Let V = 0f=o denote the weight-space decomposition of the T-module 
V. We want to show dim Ui < (^) {0 < i < d). 

Recall the algebra grading T = ^■^j^C[k,k^^]'^^^\ where is the linear span of the 
words of height i in x, y. Also recall xUi C Ui+i, yUi C Ui^i. The subalgebra C[A;, A;-i]^(°) 
acts on Uq and C[fc, belongs to the kernel of the action. By Theorem 13.11 (ii), 
there exists a common eigenvector v G f/o of ?/*a;* (0 < i < d). Since y^x^ vanishes on 
Uq for j > (i + 1, each element of C[fc, /c^^]\E'''°-* fixes the 1-dimensional subspace Cf by 
Theorem 13.11 (ii). Since V is irreducible and T = ^-g^ C[/c, A;~^]\E'*^*\ we have V = Tv = 
^f^o^^t;. Then Ui = ^« V, since \Ef(*)ti C Ui and the sum V = Yli=o^i direct. In 
particular, Uq = \['('')t> = Cf. By Theorem 12. 2^ 

t/^ = ^Wt;= ^ Cujx{x,y)v, (24) 



34 



where A^*) denotes the set of A = (Aq, Ai, ■ ■ ■ , Aj.) G A*'"'" such that r is even and 

r 

"^{-lyXj = i, Ao < Ai < ■ ■ ■ < Ar < c?. 

j=0 

Since A*^*^ contains exactly (^) members, the proof of Theorem 11.81 is completed. □ 

Proof of Theorem II. 9t the injectivity of a. Let V be a finite-dimensional irreducible 
module of the augmented TD-algebra T. Let V = ®^=o ^« denote the weight-space decom- 
position of the T- module V. Recall kv = sg^*~'^f for v E Ui, xUi C Ui+i, yUi C Ui-i. By 
Theorem 11.81 we just proved, dim Uq = 1. Let = cTiiV) denote the eigenvalue of on 
the heighest weight space Uq. Apparently do = 1, cxj = for i > (i + 1. 

We want to show cx^ 7^ 0. By fl24|) in the proof of Theorem II. 8[ it holds that Ua = 
J2\eAW ^x{x,y)Uo. Since A'^'^^ = {A = (Aq) | Aq = d}, we have Ud = x'^Uq. In the proof of 
Theorem 11.81 the formula fl24|) follows from V = ©^=o^^*^^o- ^PP^Y same argument 
starting with V = 0^=q ^^"^-'f^d- Then we end up with Uq = '^xgM^') ^\{y^^)Ud- Thus we 
have Uq = y'^Ud- So Uq = y'^Ud = y'^x'^Uo and the eigenvalue ad of on Uq is nonzero. Thus 
the diameter d of the T-module V is determined by the property (Xd 7^ 0, (Tj = {i > d + 1) 
of the sequence {cTjj^Q. 

Next we want to show that the isomorphism class of the T-module V is determined by 
the type s and the sequence {o'i}'!-^- Let Af denote the set of elements of T that vanish on 

M = {veT \vUo = 0}. 

Then A/" is a maximal left ideal of T and V is isomorphic to T/A/" as T- modules. Hence it is 
enough to show that M is determined by s and {cTjjf^o- With respect to the algebra grading 
r = 0.g^C[A;,A;-i]^«, write u e M a.s v = Y.^i ^ C[A;, A;-i]^«). Then v,Uq C f/,. 
Since V = 0^^o ^« ~ 0; we have UiUo = 0, i.e., Ui G Af. Therefore 

Ar=0A/'«, 

where A/W = TV n C[fc, fc-^J^^^*). Note that M^^ = C[k, K-^j^f^^) for i < 0. Thus it is enough 
to show that Af^^^ is determined by s and {<7j}'j^Q for i = 0, 1, 2, ■ ■ ■ . 

For i = 0, Af^'^^ is the kennel of the action of C[k, k~^]\E'^°) on Uq. By Theorem 13.11 (ii), 
C[fc, A;-^]^(°VC[A;, fc-i]^™' is generated by k^^ and (i = 0,1,2,...) mod C[A;, /t"^]^™'. 
Apparently C[k, fc~^]\E'"''' belongs to A/'^"-' and the action of on Uq is determined by cxj. 
Also, using the fact that the T-module V is type s, the action of fc^^ on t/o is determined by 
s and (i. Therefore the action of C[k, k~^]'^^'^^ on Uq is determined by s and {o"j}^^q. Since 
Ar^") = ATn C[A;, A;"^]\E'(°) is the kernel of the action, Af^^'^ is determined by s and {crjj^^o- 

For z > 1, we claim 

A^« = {zy G C[k, k-^]¥'^ I ^(-'V c Ar(°)}. 
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For V E ATW = ATn C[fc, we have uUq = and so ^("'Vf/o = 0, i.e., ^("^V C ^^ n 

C[k, ^ _y^^(o)_ Conversely, choose u G C[A;, such that ^("^V C AT^"). If uUo ^ 

0, then TuUq = by the irreducibihty of the T-module V. Since Tu = ^j^^ C[k, k'^]"^^^^!^ 
and ^(j)i/[/o C Uj+i, we have T uUq = 0^1*1^ ^^^'^z/^/q, in particular ^("^Vf/o = f/o, which 
contradicts the assumption C AT^^). Thus uUq = 0, i.e., u G A/'nC[A;, A;-^]^^*) = A^^*), 

and the claim is proved. This means A^*-*^ is determined by J\f^'^\ Since J\f^'^^ is determined 
by s and {crj}^=0) ^'^ A/"*-*-'. This completes the proof of the injectivity of a in Theorem 11.91 
□ 



4 Finite-dimensional irreducible ^4- modules via it'. 



Proof of Theorem 11.11 



The TD-algebra A = A^q'^ ■* is by Proposition II. II embedded into the augmented TD-algebra 
via the injective algebra-homomorphism 

Lt ■■ A — > T {z Zt, Z* z*) 

for each fixed t G C (t 7^ 0), where 

Zt = X + tk + et~^k~^, 
Zt* = y + £*t-^k + tk~\ 

Let be a fintite-dimensional irreducible T-module of type s and diameter d. As we 
discussed in Section 1.2, the pair A = Zt\y, A* = Zt*\y of linear transformations of V gives 
rise to a TD-pair if and only if 

(Ci)^: the action of Zt, zl on V are both diagonalizable, 
(02)^: V is irreducivble as an (z^, z^*) -module, 

where {zt, z*) is the subalgebra of T genarated by zt, z*. 

By Proposition II. 3[ the condition {Ci)t holds if and only if 9i 7^ 9j and 9* 7^ 9j for i j 
(0 < i, j < d), where 

9i = stq^'-'^ + ES-H-^q'^-^\ 
9* = e*sr\^'-^ + s-Hq'^-^\ 

In this section, we prove Theorem 11.111 a criterion for (02)4. Namely assume (Ci)j. Then 
the condition (02)4 holds if and only if Pyif' + eeH'"^) ^ 0, where Py(A) is the Drinfel'd 
polynomial of the T-module V . 

We proceed parallel to [7j. Let V = 0f=o ^« denote the weight-space decomposition of 
the T-module V, and Fj the projection of V = 0^=q Ui onto Ui. Note that k acts on V as 
X]t=o ^ (f^~'''Fi. Identifying z, z* with Zt, z* via it, we write z = Zt, z* = Zt* for short. Since 
{Ci)t is assumed, the action of z (resp.2;*) on V has d + 1 distinct eigenvalues 6'o, ■ ■ ■ ,9d 
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(resp. 6*0' ■■ ■ '^3) '^^ ^ Proposition 11.31 Let Vi (resp. V*) denote the eigenspace of z 
(resp. z*) on V belonging to 9i (resp. 6*). Then we have 

Vi + Vi+i + --- + Vd = Ui + a,+i + --- + Ud, 

V* + V* + ■■■ + ¥* = Uo + Ui + --- + Ui 

for < i < d. In particular, Uq = Vq , Ud = Vd- Let Ei (resp. E*) denote the projection of 
V = 0^=0^ (resp. V = ^'^^qV*) onto Vi (resp.V*). Then the mappings 

Fi\vi '■ ^ 

Ei\ui '■ — ^ 

are both bijections and inverses each other. Also the mappings 

E:\u,: U.^V* 

are both bijections and inverses each other. In particular, by Theorem 11.81 

dimyo = l, dimV; = l. 
By the argument in the proof of Proposition 11.71 the TD-relations (TD) for z, z* imply 

z*V C v,.i + V + V,+i, 

zv; c v:_, + v* + 

for < i < d, where V_i = Vd+i = V*-^ = V^^^ = 0. 

Regard V as an ^-module via if Let W be an irreducible ^-submodule of V. Set 
Wi = W nVi,W* = W n V*. Then 

zw* c wu + w: + w:^, 

for < i < d. Since W is irreducible as an ^-module and since z, z* are diagonalizable on 
W, the pair z\]y, z*\w is a TD-pair on W. This implies that the eigenspace decompositions 

of z\w, z\w are 

w = 0iy,, 

i=r 
r'+d' 

w = ^w:, 

i=r' 

for some integers r, r', where d' is the diameter of the TD-pair z\\Yi z*\w ^ End(14^). As 
we discussed in Section 1.2, the ^-module structure on W can be extended to a T-module 
structure on W by using the split decomposition of the TD-pair z\w,z*\w- (Note that the 



37 



weight-space decomposition of the T-module W may be totally different from that of the 
T-module V.) By applying Theorem 11.81 to the irreducible T-module W, we have 

dimW^ = dimW*,j^a, = 1. 

First we want to show r = 0, r' + d' = d, i.e., W ^ Vq, W ^ V^. 

Since dimM/^ = 1, we have Wr = Cv for some nonzero element v G Wr. Since W C 
Vr + ■ ■ ■ + Vd = Ur + ■ ■ ■ + Ud, we can express v as 

V = Ur + \-Ud, 

where Ui = FiV G f/j. Then Ur ^ 0, since v G W^. C and -Ft-Ik : K- — ^ is a bijection. 
Lemma 4.1 T/ie action ofT on V satisfies the following (i), {ii), (Hi). 

(i) X^Ur = {Or — Or+l) ■ ■ ■ {9r — ^T+j) Ur+j {1 < j < d — r) . 

(a) yur = 0. 

(Hi) y^Ur+j G (1 < j < — t). 

Proof. Recall z = Zt and so z\v = x\v + Yli=o ^i^i- Since Ui G Ui, we have zui = xui + 9iUi, 
so zv = 9rUr + {x Uj. + 9r+iUr+i) + ■ ■ ■ + {xUd-1 + 9dUd). Note X Ui E f/j+i. On the other 
hand, since v G Wr C Vr, we have zv = 9rV = 9rUr + 9rUr+i + ■ ■ ■ + 9rUd- Therefore we have 
XUi-l + 9iUi = 9r {9r — 9i)ui and we obtain (i) recursively. 

Recall z* = z^ and so z*\v = y\v + Yli=o ^l^i- Since Ui G Ui, we have z*Ui = yui + 9*Ui, 

so z*v = yUr + iyur+i + 9;ur) H h iyud + 6'^_iUd-i) + (6'>d). Note G f/i_i. On 

the other hand, since z*v G and Fr-iW = 0, we have yUr = 0, i.e., (ii) holds. Since 
z*v G and F^iy = FrWr = Cur, we have yur+i + 9*Ur G Cur, i.e., (iii) holos for j = 1. 
By 2;*|y = y\v + Yl'i=Q^l^i ^"^^ yUi ^ t^i-i, we can write z*^Ui as a linear combination of 
Ui, yUi,y'^Ui, . . . ,y^Ui, in which the coefficient of y^Ui is 1 if z — j > r. In particular for 
V = Ur + ■ ■ ■ + Ud, the projection of z*^v onto Ur by Fr can be written as 

FrZ*^V = y^Ur+j + Ciy^^^Ur+j-l H h Cj-iyUr+l + CjMr 

for some Ci, ■ ■ ■ ,Cj_i, Cj G C. Since FrZ*^v G F^VT = FrPVr = Cur, (iii) holds by induction 
on j. □ 

Proposition 4.2 It holds that W ^Vq and W ^ VJ;. 

Proof. We only show W ^Vq, i.e., r = 0; W is proved similarly, using W*,_^_^, in place 

of Wr- By Lemma [4.11 the action of T on satisfies 

yUr = 0, 

y^x^Ur G CUr (j = 0, 1, 2, ■ ■ ■ ). 
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This implies Tur C t/^ + ■ ■ ■ + Ud-, since T is linealy spanned by k'^w\{x, y) (ra G Z, A G A*''^) 
by Theorem 12. 2[ Since V is irreducible as a T-module, we have V = TUf and hence r = 0. 

□ 

Thus for a finite-dimensional irreducible T-module V of type s, diameter d and an irre- 
ducible ^-module C ^ via it, we have Wq = Vq, = V^. In particuler, W = AVq. 

Next we calculate how the eigenspace Vq of z\v is mapped to V^* by the projection 
E*:V = 0to V* — ^ V^o*- It holds that on V 

d- ^* n* 

since the right-hand side vanishes on V*{1 < j < d) and is the identity map on V^*. Write 
Vo as Vq = Cf for some nonzero element f G Vq and express f as f = mq + "Ui + ■ ■ ■ + "U^, 
where m = FiV G Ui. Then we obtain 



This is because {]\]=i{z* - 9*)) Ui = y'ui e Uq = Vq* by {z* - 9*)\u^ = y\u^, yUj C Uj^i and 
because {z* - 9*)\uo = 9q - 9* hi i + 1 < j < d. By Lemma lO with r = 0, 

i 

Ui = Q-'x'uo, Q^ = Y[{9o-9,). 

i=i 

Since y'^x'^u^ = (XjMo, we have 
and so 

d 

Note that Uq = Fqv ^ 0, since Fq\vq : Vq — > Uq is a bijection. Thus by Remark ll.lOl in 
Section 1.3, we have 

Proposition 4.3 For a finite- dimensional irreducible T-module V of type s and diameter 
d, assume the condition (Ci)i for a nonzero t G C. Then for v G Vq, it holds that 

E*v = Q-^Q Pvit" + ee*t-^) uo, 

where Uq = Fqv, 

e = (9o-9,)---i9o-9dM-9l)---i9;-9:), 
and -Py(A) is the Drinfel'd polynomial of the T-module V defined in Section 1.3: 



Q = {-l)\q-q~')\q'-q-'f---{q' 



Pv{X) = Q-'J2^^iV) n {q'-q-')\es~'q'^'~^^+e*s'q~'^''^^-X). 

i=0 j=i+l 
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Proof of Theorem ll.lli Suppose + e€*t ^) 7^ 0. Then by Proposition 14. 3[ we have 

E*Vo ^ 0. Then E*Vo = Vq*, since E*Vo C Vq* and dimVQ* = 1. Let W be an irreducible 
^-submodule of V via Lf. Then W ^ Vq hj Proposition I4.2[ Since ^ polynomial of 

z*\v, W is E*-invariant and so W ^ E*W D E*Vo = V*, i.e., W ^ Uq hy Uq = V*. We 
want to prove W = V . To do so, it is enough to show ujUq C W for every word uj in x, 
since V = TUq and Tf/o is linearly spanned by such uU^s. Now uUq belongs to some Ui and 
X, y coincide with z — 9i, z* — 9* on Ui respectively. Therefore uUq C W implies xujUq C W 
and yuiUo C 14^, since W is invariant under 2; — 6i,z* — 9*. This means induction works 
on the word length. Thus ujUq C W holds for every word uj in y and it is shown that 
-Py(t^ + ee*t^'^) 7^ implies W = V, i.e., is irreducible as an ^-module. 

Suppose Py(t^ + ee*t^'^) = 0. Then by Proposition 14. 3[ we have £^0^0 = 0. This means 
VqCV{ + --- + VI Set 

Vi,+i = {Vo + ■■■ + ¥;) n {v:,, + ■■■ + ¥;) 

for < i < d-l. Note Vq = 1/o,i- Then by zV* C V*__^+V* +V*+^ and z*Vj C Vj^i+Vj+Vj+i, 
we have 

{z - 9i)Vu^i C Vi^i^i, 
{z* — 9*^-i^)ViA+i C 

where V-i^o = Vd,d+i = 0. Set V = Vo,i + Vl,2 + • • ■ + Vrf_i,rf. Then V is (z, 2;*)-invariant. 
Since Vq V <^ V{ + ■ ■ ■ + V^, the (z, 2;*)-invariant subspace V is a proper subspace of V . 
Thus it is shown that if Pyit^ + ee*t^'^) = 0, then V is not irreducible as an A -module. 
This comletes the proof of Theorem ll.lli □ 



5 The product formula for the Drinfel'd polynomial 
PvW of ci T- module V via cps'. Proof of the surjectiv- 



ity of a in Theorem 11.9 



The augmented TD-algebra T = 7^^'^' is by Proposition II. 131 embedded into the Uq{sl2)-\.oop 
algebra C = Uq{L{sl2)) via the injective algebra-homomorphism 

ifs ■ T — > C (x, y, k x{s), y{s), sko respectively) 

for each fixed nonzero s G C, where 

x{s) = a{seQ + es'^Ciki), oi = —q^'^{q — q^"^)^ , 

For {e,e*) = (1,1), (0,0), let 

V = V{£i,ai)®---®V{en,ar,) 
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be the tensor product of evaluation modules V{ii, Oj) for £ (1 < £i, ai e C\{0}, 1 < i < n) 
(see Section 1.4). We regard y as a T-module via the embedding ipg. We call such a 
T-module V a tensor product of evaluation modules via ipg. 

For (£,£*) = (1,0), let C denote the subalgebra of C generated by Cq , e^^, Cj", kf^ {i = 
0, 1) and V — V{£i, ai) (g) ■ ■ ■ (g) V{£n, an) the tensor product of evaluation modules V{ii, ai) 
for £' (1 < ^j, e C, 1 < i < n): note that Cq is missing from the set of generators for C 
and Oj = is allowed for the evaluation module V{li, Oj) of C (see Section 1.4). We regard 
V as a, T-module via the embedding (y?^, since the image of T by is contained in C in the 
case of (e,£*) = (1,0). We call such a T-module V a tensor product of evaluation modules 
via ips- 

We treat such a T-module V = V{£i,ai) ® ■■■ ® V(£n,'^n) via ips in one argument, 
regardless of (e, e*), and use the same notation jC for C in the case of (e, e*) = (1, 0). So in 
this section, we understand in the case of {£,£*) = (1,0) that C denotes the subalgebra of 
the f/g(s/2)-loop algebra Uq{L[sl2)) generated by Cq, e^, , kf^ (i = 0, 1) with Cq missmg 
from the set of generators, and that = is allowed for the evaluation module V{£i, Oi). 

For a T-module V = V{ii, a^) ® • • • ® V{£n, an) via ^ps, let Vq \ • • ■ , v^^^ denote a standard 

basis of V{ii,ai): we write vq = Vq \ Vi — Vi \ ■ ■ ■ , v^. — vf^ for short. The action of T on 
V{ii,ai) = {vq,vi, ■ ■ ■ is 

e^Vj = aiq[j + l]vj+i, 
£*eo = e*a:r^q~^[ii - j + I] Vj-u 
e+Vj = [ii - J + 1] Vj-i, 

er^j = b + i]f^j+b 

where v''^\ = vf^_^_^ = 0, and we understand £*a~^ = if {£,£*) = (1,0) and = 0. Let 
Ui denote the subspace of V spanned by Vj^^ <S) ■ ■ ■ <S) Vj^, where (ji, • • • , j„) runs through 
< ji < ii, ■ ■ ■ , < jn < in such that ji H h j„ = i: 

iiH \-jn=i 

Then = sq^^~'^, so 

d 

V = @U, ((i = £i + --- + 4) 

1=0 

is the eigenspace decomposition of (fs{k)- We call V = 0f^o weight space decomposi- 

tion of the T-module V via (fg and Uq the highest weight space. Observe that 

dim Uq — 1, 

ioT < i < d, where C/_i = C/^+i = 0. So the 1-dimensional space Uo is invariant under y'x*. 
Define the sequence {(Ji}^o scalars ctj = cri{V) by 
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Then (Tq = 1 ,ai = [d + 1 < i). Note that the T-module V via ips is not necessarily 
irreducible and cr^ = is possible. Define the Drinfel'd polynomial -Py(A) of the T-module 

V via ips by 

d d 

Py{X) = Q-i^a,(V) J] (g^ -g-^f (£s-V^'^-^'^+^*sV'^'"''^-A), (25) 

Q = Q, = {-l)\q-q-^)\q^-q-^f...{q'^-q-^)\ (26) 
Since ctq = 1, -Py(A) is a monic polynomial of degree d. Observe 

<Jd{V) = Q-Pv{es-^ + e*s'). 

More generally the Drinfel'd polynomial -Py(A) is defined in the same way for a finite- 
dimensional T-module V that has the following properties: 

(D)o: k is diagonalizable on V with V = 0^^^ f/^, k\u, = sq^'-'^ (0 < i < d) 
for some nonzero constant s. 
(D)i: dimf/o = l. 

By the relations (TD)o : kk~^ = k~^k = 1, kxk~^ = q'^x, kyk~^ = q~'^y, it holds that 
xUi <^ Ui+i, yUi O Ui^i (0 < i < d), where U-i = Ud+i = 0. Thus (Tj(V^)'s are defined as 
before and hence -Pi/(A) by ( l25l) . ( l26i) . The eigenspace decomposition and the subspace Uq in 
(D)o are called the weight-space decomposition and the highest weight space of the T-module 

V respectively. The nonzero scalar s and the nonnegative integer d in (D)o are called the 
type and the diameter of the T-module V respectively. We further consider the following 
property for a T-module V that satisfies (D)o, (D)i with diameter d: 

(D)2: a,(y)^0. 

Lemma 5.1 Let V he a finite- dimensional T -module that satisfies the properties (D)o, (D)i. 
Consider the T -suhmodule W = TUq, where Uq is the highest weight space of the T-module 
V. Let M be a maximal T -suhmodule ofW. Set W = W/M. Then the T -suhmodule W and 
the quotient T-module W satisfy (D)o, (D)i as well. Furthermore if V satisfies (D)2 with 
diameter d, then so do the T -modules W and W and it holds that 

{i) aiiy) = ai{W) = ai{W) (0 < ^ < d), 
(u) Py(\)=P^(\) = P^(X). 

Lemma 15.11 follows from Lemma II. 2[ since W is irreducible as a T-module. 

In what follows, we fix a nonzero scalar s G C arbitrarily and we only treat finite- 
dimensional T-modules via ips that satisfy the above properties (D)o, (D)i. In this case, 
the weight space decomposition of a T-module V coincides with that of the £-module V , 
since ifsik) = s ko- Note that the tensor product of evaluation modules V{ii, ai) {1 <i <n) 
satisfies (D)o, (D)i and has type s, diameter d = £i -|- ■ ■ ■ + liV.V are T-modules via ips, 
then the tensor product V ®V' becomes a T-module via A o (yj^, where A : C — > C® C is 
the coproduct. Furthermore, if the T-modules V, V via ips satisfy the properties (D)o, (D)i, 
so does the tensor product V ®V' a,s a, T-module via ips and so the Drinfel'd polynomial 
Pv®v'{^) is defined. We have the following product formula. 
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Theorem 5.2 Let V, V be finite- dimensional T -modules via cps that satisfy the properties 
(D)o, (D)i. Assume that V is afforded by a tensor product of evaluation modules via ips- 
Then the following (i), {ii) holds. 



(i) The Drinfel'd polynomial Pv^vW of the T -module V via (fs is 

Pv^v'{X)=Pv{X)Pv'{X). 

{ii) The Drinfel'd polynomial Py(^^a)(A) of the T -module V{i, a) via ips is 

Pv{e,a)W= n iX + c + ee*c-^), 
ces{e,a) 

where 

S{£, a) = {a q^'-^+^ | < z < £ - 1}. 

We understand that if{e, e*) = (1, 0) and a = 0, S{i, a) is the multiset with appearing 
i times and Pv(£,o) = 

To prove Theorem l5.2l we prepare two lemmas and a proposition. Let V, V be T-modules 
via ifs as in Theorem 15.21 and have weight-space decompositions 

d 

V = 0^., 

i=0 

respectively. Then the T-module V via has weight-space decomposition 

d+d' 
i=0 

where 

[/i= u,,(g)a,, {o<i<d + d'). 

h+i2=i 



Lemma 5.3 Set x{s) = (Ps{x), y{s) = ips{y)- Then the action of x{s), y{s) on Ui <S) V are 

A^)\u,®V' = x{s)\u,(S)lv' + lu,®x{q'^'~'^s)\v', 

Proof. These identities follow directly from = a{seQ-\-es^^eiki), y{s) = e*seQko-\-s^^ef 
and the coproduct A that sends ef, e^ki, ki to ef <S) I + ki (S) ef , e^/cj ® 1 + fcj ® e^fcj, fcj (8> h 
respectively. □ 
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Lemma 5.4 Assume V = V{l,a), an evaluation module of diameter 1, and let V{l,a) = 
{vq, f i) be a standard basis. For u G U„i {0 < m < d) and 1 < i, we have 

(z) x^{u®Vq) = (x^u) ^ Vq + a q[i]ci{m){x'^^^u) ® Vi, 
X^U^Vi) = (x*-u)(g)fi, 

where Ci{m) = as g«+2m-f^-i _|_ ^g-ig-i-2m+d+i ^ 
(ii) y'{u®Vo) = {y'u)(»vo, 

where c*(m) = £*a-is g^'^+^m-d+i ^ ^-i^*-2m+d-i_ 

Proof. Recall e^vo = qavi, e^vo = vi, CqVi = e^^^i = 0, e*eQVi = e*a^^q^^vo, efvi = 
vq, e*eQVo = CiVq = 0, koVo = q~^vo, k^vi = qvi. We proceed by induction on i. For i = I, 
we have by Lemma 15.31 

x{u^Vo) = [x{s)u) ^vo + u^ [x{q^"^''^s)vo) 

= (xu) ®Vo + a {q^'^^'^s qa + eq^'^"'^'^ q) u ® Vi 

= (xu) ® Vq + aq Ci{m) u ^ Vi, 

x{u^vi) = (a;(s)M) (g) f 1 + u (g) f i) 

= (xu) ® Vi, 

and 

yiu ® vo) = {yis)u) ^vq + u® {y{q^'^~'^s) v^) 

= iyu) (g) Vq, 

y{u^vi) = {y{s)u) ^vi + u^ {y{q'^'^-'^s)vi) 

= iyu) ^vi + {6*q^"'-'^s a'^ + g-^m+d^-i) ^ ^ 
= {yu) ® vi + c\{m) u ® Vq. 
For 2 > 2, we have by Lemma [5.31 and induction on i 

x\u®Vq) = x^~^ (j^^xu) I® Vo + a q ci{m) u vi^ 

= Vq + a q[i — 1] Cj_i(m + 1) (x^^-^u) ® f i 

+aqci{m) (x^^'^u) Vi 
= (x^u) Vq + aq[i]ci{m) (x^'-^u) Vi, 

since [i — l]cj_i(m + 1) + Ci(m) = [i] Ci{m) , and 

y\u®vi) = y''^ (^(yu) ® vi + cl{m) u ® vq^ 

= {y'u) ®vi + [i~l] c-^iim - 1) iy'~\) ® vq 

+cl{m) {y'~^u)®VQ 
= {y'u)®Vi + [i]c*{m){y'~'^u)^Vo, 

since [i — 1] c*„i(m — 1) + cj(m) = [i] c*(m). Also we have x^u (8> fi) = x''^^{{xu) ® fi) = 
(x^m) (S) Vi, y^u ® Vq) = y''''^{{yu) ® vq) = {y^u) ® vq by induction on i. □ 



44 



Proposition 5.5 Assume V = V{l,a), an evaluation module of diameter 1. For the T- 
modules V and V ^ V via ips, set o"j = cFiiy) and ai = (yiiV ® V'). Then for i > 1, we 
have 

a, = ai- {q' - q-'f [a + e e*a~' + e 3-2^2(^+1-*) ^ ^*^2^-2(d+i-0)^._^^ 

where d is the diameter of the T-module V . We understand that e*a^^ = if i^, £*) = (1, 0) 
and a = 0. 

Proof. Let V = 0f=o ^« denote the weight-space decomposition of the T-module V and 
V{l,a) = {vo,Vi) a standard basis of V. Choose a nonzero vector uq G Uq. Then uq ® Vq 
spans the highest weight space of V" ® V. We have by Lemma [5.41 

y'x'{uo0vo) = ({x'uo) 0vo + aq[i]ci{0) (x'-^uo) 0vi^ 
= (y'x'uo) ® vo 

+aq[i]c^{0) (^{y'x'-\o) ® Vi + [i] c*{t - 1) (y'-^x'-^Uo) ® Vq^ 
= aiUo (g) Vo + aq[ifci{0) c*{i - 1) cri_iUo®Vo, 
since j/*x*~^uo = 0. So it holds that 

ai = ai + aq[ifci{0)c*{i-l)ai^i 

□ 

Proof of Theorem 15. 2[ We first treat the case of V = V{1, a), an evaluation module of 
diameter 1. By Proposition 15.51 

a, = a,- iq' - q-'fa^^i [{es'\^^''^^-'^ + e^s^g^^Cd+i-.) _x) + ^\ + a + ee*a-^)^ , 
and we have, with Q = (— — — g"^)^ ■ ■ ■ {q^^-^ — q^'^^^)^ ■, 

d+l d+l 

Pvm(i,a)W = Q-'J2^^ l[{q^-q-n'{es-V^'^'-^^+e*s'q-'^'^'-^'>-X) 

i=0 j=i+l 
d+l d+l 

= Q-'T.^^ (g^ -g-^)2(e,-2^2(.+l-,)^^*^2^-2(.+l-,)_^) 

•t=0 j=i+l 

- n(^' - Q-'Yies-'q'^'^'-^^ + e*s'q-'^'+'-^^ - A) 

j— 1=0 j=i 
d 

j-l=0 

j-l=i 
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This equals (A + a + ee*a~^) Pv'(A), since cxd+i = (Td+i{V) = and so the first and second 
terms cancel out. This argument is valid even if V is the trivial module, i.e., dim\^ = 1, 
^f\v ~ 0' ^t^\v ~ ^^^^ case, V V{l,a) ~ V{l,a) and it is easily checked that 

Pv{X) = 1 and 

Pvii,a)W = X + a + ee*a'\ (27) 
Thus in the case of V = V{l.a), we have 

Pv^Vil,a){X) = Pv{X)Pvil,a){X). (28) 

Next we treat the case V = V{i,a), an evaluation module of diameter i. We want to 
show 

{X) = Pv{X)Pvii,a)W (29) 

for every integer i > 1 hj induction on i. To do so, we prepare a lemma below that 
gives an embedding of V = V{i,a) into V{i — l,aq~^) ® V{l,aq^~^) as an £-submodule. 
Start with the evaluation modules V{i — l,aq^^), V{l,aq^~^) for C Let V{£ — l,aq~^) = 
{uo,Ui,-- - V{l,aq^~^) = {vo,Vi) be standard bases of the evaluation modules. By 

direct calculations, we have the following lemma. 

Lemma 5.6 Consider the tensor product V{£—1, a q^^)®V{l, a q^^^) of evaluation modules 
as an C-module via the coproduct A. Set 

Wi = q~''Ui ®Vo + Ui_i (g) f 1 G V{C, - 1, a q'^) V{1, a q^~^) 

for < i < i, where m_i = Ue = 0. Then Cwq is the highest weight space of the C-module 
V{i-l,aq-^)0V{l,aq^'^). SetW = Cwo. Then 

W ~ V{i,a) 

as C-modules with 

W = {wo,wi, ■■■ ,Wi) 

a standard basis for W . 

Consider the £ O ^-modules V®V{^,a) axidV ®[V{l-l,aq~^)®V{l,aq'^'^)). Regard 
them as £- modules via the coproduct A : C — > C ® C and then as T-modules via ips- 
Choose nonzero vectors u, w from the highest weight spaces of V , V{1—1, a q~^)®V{l, aq^^^) 
respectively. Then C m ® w is the highest weight space of V" ® {V{i — 1, a q~^) ® V^(l, aq^^^)) 
as an £-module and hence as a T-module via ips- Set W = Cw. The properties (D)o, (D)i 
hold for the T-mo dule V ® {V{i - 1, a q~^) ® 1/(1, aq^'~^)) and its T-submodule V^W. The 
Drinfel'd polynomials of these T-modules coincide, since they share the common highest 
weight space and have the same diameter. On the other hand, V ® V{i, a) is isomophic to 
V^W as £-modules by Lemma and so as T-modules via ips- In particular, the Drinfel'd 
polynomial of V ^ V{i,a) coincides with that of V ® W as T-modules via ips- Therefore 
V ® V{i,a) and V O {V{i - l,aq'^) ® V{l,aq^~^)) have the same Drinfel'd polynomial 
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as T-modules via (^s- The Drinfel'd polynomial of the T-module V ® — l,ag ^) 
1^(1, ag^~^)) is the product of those of the T-modules V ® V{i — l,aq~^) and V{l,aq^^^) 
by ([28]), since V O {V{i - l,aq-^) (g) 1^(1, ag^"^)) is isomorphic to {V ® V{i - l,aq-^)) O 
V{1, aq^~^) as T-modules via (^s- By induction on the formula fl2Ul) holds for £ — 1, so we 
have -Py®y(£-i,ag-i) = PvPv{i-i,aq~^)- Therefore Pv<»v{i,a) = PvPv{i-i,aq-^) Pv{i,aq'-^)- 
the other hand, Py(f-i,ag-i)^v(i,ag-i) = Pv(i-i,aq-i)m{i.aq-^) = Pw = Pv(£,a) by the same 
argument. This proves the formula (129|) . 

Finally we treat the general case V = V" V{i,a), where V" is afforded by a tensor 
product of evaluation modules via ips- By ([29]), -Pi/(^V" = Pv<g,v"<g,v{e,a) = Pvm"Pv{i,a)- By 
induction on dimV^", Pvm" = PyPv- So Pyc^v = PvPv"Pv{i,a)- By ([291), Pv"Pv{e,a) = 
Pv"(g)V{i,a) = -Py- So Py^v = PyPy- This completes the proof of Theorem 15.21 (i). 

By Lemma 15.61 and Theorem 15.21 (i), we have 

pvii,a)W= n ^nM(^)- 

c&S{e,a) 

By ([27]), Pv'(i,c)(A) = A + c + ee*c~^. This completes the proof of Theorem [El(ii). □ 

Proof of the surjectivity of a in Theorem 11.91 Given an arbitrary monic polynomial 
P(A) of degree d and an arbitrary nonzero s G C such that P{es~'^ + e*s'^) ^ 0, we show 
that there exists an irreducible T-module V of type s and diameter d that has Drinfel'd 
polynomial P(A), i.e., Pi/(A) = P(A). Let Ai, A2, ■ ■ ■ , A^ denote the roots of P(A), allowing 
repetition. For each % {1 < i < d), choose G C such that 

Aj -I- aj + ee*a~^ = 0. 

If (e, e*) = (1, 1), the equation Aj + -|- a^^ = has nonzero solutions for Oj : we choose one 
of then and fix it. If {e, e*) = (1, 0) or (0,0), we understand that the equation is Aj + = 
and tti = — Aj. Observe that if {e,e*) = (0,0), then Xi ^ {1 < i < d) hy the condition 
P{es~^ + e*s^) 7^ 0, so 7^ (1 < i < d). Consider the T-module V via ips, where 
T = Tg^"'"'^ and 

V = V{1, ai) ® V{1, 02) ® ■ ■ ■ ® V{1, ad). 

By Theorem 15. 2[ it holds that Pi/(A) = P(A). Choose a nonzero vector w from the highest 
weight space of V and set W = Tw. Let M be a maximal T-submodule of W . Observe 
w ^ M, since M 7^ W . The quotient T-module W = W/M is irreducible. Since Pvies'"^ + 
£*s2) ^ 0, we have aaiV) ^ by Remark [LlOl By Lemma EH Pv'(A) = PwW- Thus W is 
the desired T-module. □ 

6 Irreducibility of a T-module V = V ^ a) via (ps 

For the augmented TD-algebra T = T^''^* , we have so far established the bijectivity of the 
mapping 
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namely, the set of finite-dimensional irreducible T-modules of type s and diameter d are 
parametrized up to isomorphism by monic polynomials of degree d that do not vanish at 
es^"^ + 6*8^ . Given a polynomial -P(A) G Pj, we want to construct explicitly a T-module 
via that belongs to Irr^JyT) and has -P(A) as its Drinfel'd polynomial. In this section, we 
prepare a key proposition to the construction of such T-modules via yj^. The construction 
itself will be discussed in the next section. We consider T-modules 

V = V®V{l,a) 

via ips, where 1 < n, 1 < ii {1 < i < n) and a, ai are allowed to be zero if {s,e*) = 
(1,0). The diameters of V, V are d = £i + ■ ■ ■ + in, d+1 respectively. Observe that 
ad+iiV) = Q Py{es~^ + 6*3"^) for some nonzero scalar Q by Remark [1.101 We have Py{X) = 
Pv{X)Pv{i,a)W by Theorem 15. 2[ So again by Remark 1 1.1 01 ad+iiV) 7^ if and only if 
Cd(y) 7^ and ai{V{l,a)) 7^ 0. By Theorem ll.9[ observe also that <Jd(y) 7^ holds if the 
T-module V is irreducible. 

Proposition 6.1 Assume that a T-module V via (fs is irreducible and has diameter d. 
Assume also that the T-module V = V ® V{l,a) via (fs satisfies crd+i{V) 7^ 0. // the T- 
module V via ifs has a nonzero T-submodule W that does not contain the highest weight 
space Uq of V, then the Drinfel'd polynomial Pv{X) of the T-module V via ifg vanishes at 

Pv{-aq^ -ee*a~\-'^) = 0, 
where we understand e*a^^ = z/ {e, e*) = (1, 0) and a = 0. 

The remainder of this section is devoted to the proof of Proposition 16.11 Without loss of 
generality, we can assume that W is irreducible as a T-submodule, since we may replace W 
by a minimal T-submodule contained in W. Let 

d+1 

i=0 
r+d' 

i=r 

denote the weight-space decompositions of V, W respectively, where d' is the diameter of 
W. Since W is irreducible, the highest weight space Ur{W) has dimension 1 by Theorem 11.81 
and so is spanned by a nonzero vector Wq: 

Ur{W) = K). 

Since W ^ Uq, we have r > 1. Since xUi{W) C U,+i{W) and yUi{W) C Ui_i{W), where 
Ur-i(W) = 0, Ur+d'+i(W) = 0, we have 

ywo = 0, (30) 
y'x'wo = ai{W)wo (31) 
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for z = 0, 1, 2, ■ ■ ■ . Let 

denote the weight space decomposition of V and let 

V{l,a) = {vo,vi) 

be a standard basis of a). Then 

Ui = Ui® {vo) + t/i-i ® (fi) 
for < i < (i + 1, where = t/^+i = 0. In particular 

Wq = Ur ^ Vq + Ur-l ^1 (32) 

for some Ur G f/^, Wr-i G Ur-i- 
Lemma 6.2 For i, m set 

r/ien /or 1 < the following [i) ~ (f ) hold, 
{i) yur^i = 0, 

yUr = -Cj(r - 

(a) ai{W) Ur-i = y^x^Ur^i + aq[i] Cj(r) y^x^'^Ur- 

{in) ai{W) Ur = y'^x^Ur + aq [i]^Cj(r) c1j(r — 1) y'^'^x^~^Ur + [i] c*_^{r — 1) y^~^x^Ur-i. 
(iv) y^+^x'Ur = -[i + 1] cl(i_i)(r - 1) ai{W)ur-i. 
(v) y'x'Ur-i = ai{W)ur-i + a q[i]^Ci{r) c*_(^._2^{r - 1) ai-i{W) Ur-i- 
Proof. By Lemma [5^ we have for Wq = Ur ® Vq + Ur^i ® fi, 

yWQ = (yUr) ® fo + {yUr~l) ® f l + C*(r - 1) Ur-l ® fo- 

Since ywo = and yUr E Ur-i, we obtain y Ur + cl{r — 1) Ur-i = 0, yur-i = and (i) holds. 
Again by Lemma 15.41 we have 

x'^Wq = (x^Ur) 1^ Vq + a q[i] Ci{r) (x^^'^Ur) ® Vi + (x^Ur^i) Vi, 

y^x^WQ = (y'x'^Ur) ® vq 

+aq[i]ci{r) {{y'x'^^Ur) ® Vi + [i]c*{r + i- 1) {y'~^x'~\r) ® Vo) 
+ {y'x'ur-i) ^vi + [i]c*{r + 2-1) {y'~^x'ur-i) ® vq. 
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Since y^x''Wo = ai{W)wo and y^x''Ur, ^x* ^Ur, y^ ^x^Ur-i G Ur, y^x^ ^Ur, y^x^Ur-i G f/r-i, 
we obtain 

ai{W)ur = y'x'ur + aq[i]'^Ci{r)c*{r + i-l)y'~'^x'~'^Ur 
+ [i]c*{r + i- l)y'~^x'Ur-i, 
ai{W) Ur-i = a q[i] Ci{r) y^x'^~^Ur + y^x^Ur-i- 

Since c*(r + i — 1) = c*_i{r — 1) , (ii) and (iii) hold. 
By (ii) and (iii) we obtain 

ai{W)yUr - [i]c*_i{r - 1) ai{W) Ur-i = y^+Vw^. 

Since yUr = — c*(r — 1) Ur-i by (i) and cj(r — 1) + [i] c1j(r — 1) = [i + 1] cl(^_^-)(r — 1), we 
have (iv). Observe y'^x'^'^Ur = —[i] c1(j_2)(^ ^ 1) o"j-i(W^) tir-i is vahd for z > 1 by (iv), (i) 
and put this identity into (ii) to obtain (v). □ 

Lemma 6.3 It holds that {i) Uf—i 7^ 0, {ii) Ur ^ and {iii) r = 1. 
Proof. Suppose Ur-i = 0. Then by Lemma [6.21 (iii). 

y'x'ur = -aq[i]'^Ci{r) c%{r - l)y*~V"^Mr + (Ti{W)ur 

for 1 < i, so we have y^x^Ur G (ur) for < 2 by induction on i. Moreover y-u^ = by Lemma 
16.21 {i). Since T is spanned by k'^uJx{x, y) (n G Z, A G A*'"'') by Theorem 12. 2[ it follows from 
y^x^Ur G {ur) (0 < i) and yUr = that 

r<i 

Since 1 < r, Tur is a proper T-submodule of V. This contradicts the irreducibility of V. 
Thus (i) holds. 

Suppose Ur = 0. Then by Lemma [6^ (ii), 

y'x'ur-^i = ai{W)Ur-l. 

Since T is spanned by k"-LJ\{x,y) (n G Z, A G A*^''), it follows from y'^x^Ur-i G (wr-i) (0 < i) 
and yUr-^i = that 

Tur-i C f/,. 

r— l<i 

So V has a nonzero T-submodule contained in ^^-Ki ^i- Since V is irreducible, we obtain 
r — 1 = 0, i.e.. Wo = uq <S) vi {uq 7^ 0, ui = 0). By Lemma W2\ (i). = — c*(0)uo and 
so c*(0) = 0. By Lemma [6^ (iii) with i = I, c*ii{0)xuo = 0. Note xuq ^ 0, otherwise 
<^d{y) = 0, which contradicts the assumption that V is irreducible as a T-module. Thus 
cli(O) = 0. From c*(0) = and c*^^{0) = 0, we have 

e*a-hq-'^ + s~^q'^ = 0, 
e*a-'sq-''+' + s~'q''-' = 0. 
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This implies e* = 1, a = —s^q '^'^ = —s^q^ ^'^ and we have = 1. This contradicts the 
assumption that q is not a root of unity. Hence (ii) holds. 

By Lemma [6l2] (i), (v), we have yUr-i = and y^x^Ur-i G (wr-i) (0 < i). The same 
argument of the previous paragraph is valid and V has a nonzero T-submodule Tur-i 
contained in @,.-i<i^i- Hence we obtain r — 1 = 0, i.e., (iii) holds. □ 

Lemma 6.4 For < 

where 

Proof. Since r = 1, we have y'^x'^Ur-i = ai{V)ur-i- By Lemma 16. 3[ Ur-i 7^ 0. By Lemma 
16.21 (t>) , we obtain 

a,{V) = a,(iy)+ag[z]2Q(l)cl(,_2)(0)a,_i(W^) 

□ 

Lemma 6.5 It holds that d' = d — 1, where d, d' are the diameters ofV, W respectively. 

Proof. Obviously ai{W) = ai^iiW) = for c/' + 2 < z. So we have a^{V) = for d' + 2 < z by 
Lemma [6.41 This implies d < d' + 1, since crd{V) 7^ 0. On the other hand, the weight-space 

decompositionsjDf V,WaTeV = Uo-\ h Ud+i, W = Ur{W) H h Ur+d'{W) (r = 1) 

with Ui{W) CUi. So r + d' < d + 1, i.e., d' < d. Therefore either d = d' + I 01 d = d' . 

Suppose d = d' . Then 7^ Ud+iiW) C Ud+i- Since is a tensor product of evaluation 
modules, we generally have dim Uq = dimUd+i = 1- So Ud+i{W) = Ua+i, in particular 
TUd+i is contained in W . On the other hand, we assumed ad+iiV) 7^ for Proposition 16.11 
This implies TUd+i ^ Uq. Therefore W contains Uq, which is a contradiction. □ 

Proof of Proposition [HTTl Set cTj = crj(V^). Using Lemma repeatedly, we have for < i 

(^iiW) = Uif\-l---h)(^(i + Uifi-l---f2)(^l^ h /iCri_i + (Ti. 

By Lemma d' = d-l. So ad{W) = 0. Thus 

d 

^ fd fd-1 ■ ■ ■ fj+1 (Tj = 0. (33) 

j=0 

Define the polynomial /j(A) of degree 1 in A by 

/,(A) = {q^ - g-)2(^,-2^2(d-.) ^ ^*,2^-2(d-^) _ ^) 
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for 1 < i. Then by definition 

d 

Pv(A) = Q'^5^cr,/,+i(A)---/rf(A), 



i=0 



where Q = (— 1)^^(5 — q — q '^)^ ■ ■ ■ {q'^ — q '^f- Since /j = fi{—aq^ — ee*a ^q we 

have by (133!) 

This completes the proof of Proposition I6.1[ □ 



7 Construction of finite-dimensional irreducible 
T-modules via ips 

In this section, we prove Theorem 1 1.1 51 Theorem II. 18[ Theorem II. 2 1[ Each theorem consists 
of three parts (i), (ii), (iii). The second part (ii) immediately follows from Theorem II. 9 f and 
Theorem 15.21 We only prove (i) and (iii) for each of the theorems. Throughout this section, 
s stands for a nonzero scalar of C chosen arbitrarily. 

For the augmented TD-algebra T = Tq^'^'^ \ we consider the following T- module V via 
(Ps (see Section 1.4): if {e,e*) = (1,1) or (0,0), 

V = V{ei,ai) ® ■■■®\/(Ca„), 

where 1 < n, 1 < 7^ (1 < i < n), and if {e, e*) = (1, 0), 

V = V{i) ® V{ii, ai) ® ■ ■ ■ ® V{L, an), 

where < n, < £, 1 < 7^ (1 < i < n). With such a T-module V via ips, we 

associate the multi-set {S{ii,ai)}^^^ of g-strings, where 

Siii, ai) = {aiq-^^+\ aiq~^^+^, ■ ■ ■ , ttiq^^"^}. 

Consider a T-module V via (fs of the same kind: 

r = Vi£[,a[)®---^ViCa'J if (e, e*) = (1, 1), (0, 0), 

V' = V{£')®V{e[,a[)(»---®V{C,a'J if (e, e*) = (1, 0). 

For {e,e*) = (1, 1), such T-modules V, V via ips are said to be equivalant if the associated 
multi-sets of g-strings are equvalent, i.e., m = n and there exist Si G {1, —1} {I < i < n) 
such that S{£i,a'i) = S{£i,af) {I < i < n) with a suitable rearrangement of the ordering 
of S{i'i, a'l), - ■ ■ , S{i'n, 0.^). For (e, e*) = (0, 0), such T-modules V, V via ps are said to be 
equivalent if m = n and S{i[, a'j) = S{ii, ai) {1 < i < n) with a suitable rearrangement of 
the ordering of S{i[, a[), - ■ ■ , 5'(£^, a^). For {e, e*) = (1, 0), such T-modules V, V via ips are 
said to be equivalent if i = i', m = n and S{i[, a'^) = S{ii, ai) {I < i < n) with a suitable 
rearrangement of the ordering of S{i[,ai), ■ ■ ■ , S{i'^,a'^). 
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Lemma 7.1 If a T -module V via (ps is irreducible, then every T -module V via cps that is 
equivalent to V is isomorphic to V as T -modules via cps, in particular irreducible. 

Proof. Since V and V are equivalent, V and V have the same Drinfel'd polynomial by 
Theorem 15.21 In particular adiV) = (TdiV'), where d is the diameter of the T-modules V, 
v. Let Uq denote the highest weight space of the T-module V via (ps- Set W = Tf/g and let 
M be a maximal T-submodule of W. Then V and W/M have the same Drinfel'd polynomial 
by Lemma [5.11 Hence V and W/M have the same Drinfel'd polynomial. By Theorem IL9I . 
the irreducible T-modules V, W/M are isomorphic, in particular dim\^ = dimW/M. But 

V and V are equivalent, in particular dim\^ = dim\^'. Thus diml^' = dim W/M and we 
have V = W, M = 0. This means that V and V are isomorphic as T-modules via ips- □ 

Proof of the 'only if part of (i). The 'only if part of Theorem 11.151 (i) follows from 
Lemma Ell Suppose — G S{ii,ai) U S{ii,a^^) for some i {1 < i < n). Then Pvi^es'"^ + 
= by Theorem l5.2[ which contradicts the irreducibility of V by Theorem 1 1.91 . Suppose 
the multi-set {S{£i, ai)}^^i of g-strings is not strongly in general position. Then there exists 
a multi-set {>S'(£^, a-)}™ ^ of g-strings that is eqivalent to {S{ii,ai)}^^-^ and not in general 
position. Set V = V{i[, a[) ® ■ ■ ■ ® V"(£^, a^). Since {S^i'^, a^lilLi is not in general position, 

V is not irreducible as an £-module, consequently as a T-module via ips- Sine a'i)}^i 
is eqivalent to {S{ii, ai)}^^^ and V is irreducible as a T-module via ips, V is also irreducible 
as a T-module via ips by Lemma 17.11 Thus we get a contradiction. The 'only if part of 
Theorem 11.181 (i). Theorem 11.211 (i) can be proved similarly. □ 

7.1 Proof of the 'if part of Theorem [1^15] (i) 

We start with an observation of the f/g(s/2)-loop algebra C. 

Lemma 7.2 There exists an algebra anti-homomorphism of C that sends e'l, e~ki, ki, 

to e~ki, el, ki, k^^ , respectively {i = 0,1). Such an anti-homomorphism is unique and we 

denote it by t: 

T : C — > C {el, ejki, kf^ ^ e^h, ef, kf^ respectively) . 
It holds that = 1 and (r r) A = A r, where A : C — > C® C is the coproduct of C 

The assertions of Lemma 17.21 can be checked by straightforward calculations. 
For an £-module V , the dual vector space of V 

Hom (y, C) = {f : V — > C | f is a linear mapping} 

becomes an ^-module by 

(X/) {v) = f (r(X) v) {v G V) 

for / G Hom(V,C), X e C. For ^-modules V, V, we identify Hom (V^ ® V',C) with 
Hom {V, C) ® Hom {V, C) as vector spaces by 

if^g) {v®v') = f{v)g{v'). 
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It can be easily checked by the relation (r (g) r) A = A r that this identification gives an 
^-module isomophism 



Horn {V ® V, C) ~ Horn (V, C) ® Horn {V, C), 
where C acts on V and Horn {V, C) (8) Horn {V, C) via the coproduct A. 
Lemma 7.3 For evaluation modules, we have the following isomorphisms as C-modules. 
(z) Horn {V{£, a)X)- V{e, a'^). 

(ii) Horn {V{ii, ai) ® ■ ■ • ® a„), C) ^ a-^) ® • ■ ■ ® a;i). 

Proof. Let V{i, a) = {vq, f i, ■ ■ ■ , f^) be a standard basis and Horn (y{i, a), C) = (/o, /i, ■ ■ ■ , /;) 
the dual basis: fi (vj) = 6ij. Set 



Co fl'i = ag"^[£ - i + 1] fi-i-i, e+fifj = [£ - i + 1] gi-i, e^gi = [i + 1] gt+i, kogi = q^^'^gi, where 
= gf^i = 0. So if V{i, a~^) = {wq, Wi, - ■ ■ , wg) is a standard basis, then Horn {V{i, a), C) 
is isomorphic to V{i,a~^) as £ -modules by the correspondence of gi to (0 < z < £). 
Part (ii) follows from part (i) and the fact Hom (V ® V\ C) ~ Hom (V, C) ® Hom {V, C) as 



We now prove the 'if part of Theorem 11.151 (i). Namely, we are in the case of {e,e*) = 
(1, 1) and given a T- module 



via ifs such that — ^ S{£i,ai) U S{ii,a~^) (l < i < n) and the multi-set {S{ii, ai)}^^-^ 
of g-strings is strongly in general position. We want to show that V is irreducible as a 
T-module via (fg. Observe that the ordering of the tensor product does not change the 
isomorphism class of V as an £-module and consequently as a T-module via ifg, since the 
multiset {S'(£j, 0,)}"^^^ of g-strings is in general position. First we show 

Lemma 7.4 For any choice of Si G {1, —1} {I < i < n), V is isomorphic to 



as T -modules via (fs- 

Proof. We proceed by induction on n. First let n = 1. Then V{ii,ai), V{ii,a^^) have the 
same Drinfel'd polynomial by Theorem 15.21 and the Drinfel'd polynomial does not vanish 
at + s~^, since — ^ S{ii,ai) U S{ii,ai^). So V{£i,ai), V{£i,a^^) have nonzero cr^^ 
by Remark ll.lOi In the case of evaluation modules, the property o"^^ 7^ implies the 
irreducibility of the T-modules via ips- Thus V{ii,ai), V{ii,a^^) are irreducible as T- 
modules via ips and have the same Drinfel'd polynomial that does not vanish at + 
By Theorem 11.91 . V{ii,ai), V{ii,ai^) are isomorphic as T-modules via (fs- 





^-modules. 



□ 



V = V{ii,ai) ® ■ ■ ■ ® 1/(4, a„) 



m,ar)®---®F(C,<") 



54 



For n > 2, set V = V{ii,ai) ® ■ ■ ■ a„_i). Then by induction on n, V is 

isomorphic to V" = V{ii, ) (g) ■ ■ ■ O V'(C_i, a^"Si) as T-modules via ip^. Let ip : V — > V" 
denote an isomorphism between the T-modules V, V" via ips- The generators x, y, k, k^^ 
of T are mapped by (p^ to x{s) = a^se^ + s'^e^ki), y{s) = se^ko + s'^ef, sko, s~^ki, 
respectively, and those elements of C are mapped by A to 

A = x{s) ^ 1 + a s ko ® Cq + a s~^ki ® e^ki, 



e 



1 5 



A{y{s)) = y{s) ® 1 + sko (g) CQko + s~^ki 
A(sfco) = sko®ko, 
A(s^^fci) = s~^A;i (g) /ci, 

respectively. It can be easily checked that the vector-space isomorphism 

^lJ®id■.V'® V{£n, an) — > V" V{in, an) 

commutes with the action of each of the elements A A A (sko), A{s~^ki). So 

we get 

V'0Viin,an)^V"0Viin,an) 

as T-modules via (ps- Since {S{ii, U {S{in, an)} is in general position. 



V"(E)V{in,an)-V{in,an)(E)V" 
as £-modules and consequently as T-modules via ips- By the same argument, we have 

V{in,an)(S)V" - Viin,al-)(S)V" 

as T-modules via ips- Thus V ® V{in, an) — V" ® V{in, af^) as T-modules ips and the proof 
is completed. □ 

Next we intoroduce a partial ordering on C\{0} by 

a < b 4^ b = aq'^'^ for some integer i >0. (34) 

Consider (1 < "^o ^ n-) such that ai^q^'o^^ or a'^^^q^^o~^ is maximal with respect to the 
partial ordering on the set of nonzero scalars ttiq^"-'^, a'^^q^^^^ (1 < < 'T-)- Among such 
^qS, choose one for which is smallest. Since the ordering of the tensor product does not 
matter about the isomorphism class of \^ as a T-module via (ps-, we may assume that iq = n, 
and by Lemma [7.41 that anq^"~^ is maximal among afq^'~^ (1 < < n). So 

anq'"^' ^Siii,ai)USiii,a;') (1 < 2 < n), (35) 
L < i^ if anq'--' G Sid, a,) U S{£i, ar^). (36) 

We proceed by induction on dim V to prove the 'if part of Theorem 11.151 (i). Set 

V' = V{£i, ai) O • ■ ■ ® 1/(4-1, an-i). 
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Then V = V <^ V{in,o,n)- Since the £-module \^(£„,a„) is by Lemma [531 embedded in 
the ^-module V{in — 1, cinQ'^) ® ^(1, cinl^"'^) as the £-submodule spanned by the highest 
weight space, the ^-module V can be regarded as embedded in the ^-module 

V={V'(» V{L - 1, a^q-')) ® V{1, aj--^). 

We understand V"'®V"(£„ — 1, a„g^^) = V if in = I- Our strategy is to apply Proposition 16 .11 
to the T-module V via ips- To do so, we need to check the prerequisites for it, namely that 

V (S) V{in — 1, CLn(l~^) is irreduciblc as a T-module via ips, and that <Jd{V) ^ holds, where 
d = £i + ■ ■ ■ + £„, the diameter of the T-module V via i^s- To show that V ® V{in — 1, ctnQ'"^) 
is irreducible as a T-module via (/9s, it is enough to check the induction hypotheses for it, i.e., 
the first induction hypothesis that —s^ is contained neither in S{ii^ a^^) (1 < « < n— 1) nor in 
S{iri — 1, (c^nQ'"^)^^), and the second induction hypothesis that the multi-set {S{ii, (ii)YlZ\ U 
\S{in — IjOnQ'"^)} of g-strings associated with V ® V{in — l,Oni?~^) is strongly in general 
position. The first induction hypothesis is satisfied, since — ^ 5'(£j, a^^^ < i ^ n) was 
assumed at the beginning and it generally holds that S'(£„ — 1, a„g~"^) = S'(£„, o„) \ {anq^"~^}- 
The second induction hypothesis is satisfied, since the multi-set {S{ii,ai)}^^^ was assumed 
at the beginning to be strongly in general position and n was chosen to satisfy 

Thus by induction on dimension, V ® V"(£„ — 1, a„g~^) is irreducible as a T-module via (ps- 
To show ad(y) 7^ 0, it is enough to check that PyiX) does not vanish at A = + (see 
Remark [nUD- Since -s^ ^ ^(£i,a,^^) (1 <J < n), Py(s-2 + s^) ^ by Theorem [El We 
are now ready to apply Proposition 16. II to V. 

Suppose that the T-module V via has a nonzero T-submodule W that does not contain 
the highest weight space of V. Embed V into the T-module V via ips as a T-submodule in 
such a way that V and \^ share the highest weight space in common (see the last pragragh). 
Then by Proposition 16. the Drinfel'd polynomial of V ® V{in — vanishes at 

— a„g^"''"^ — a^^g~^"~^. This contradicts (1351) by Theorem 15. 2[ Therefore we conclude that 
every nonzero T-submodule W of the T-module V via ips contains the highest weight space 
of y. 

Finally consider the £-module Hom(V,C). By Lemma [7.3[ Hom(V,C) is isomorphic to 
V{ii, a5~^)®- ■ ■0V{in, a~^) as £-modules. So Hom (V, C) and V are isomorphic as T-modules 
via ips by Lemma [731 For a subspace W of V, define the subspace W-^ of Hom (V, C) by 

= {f e Hom {V, C) I f{w) = 0{weW)}. 

If W is invariant by the action of T via ips, then so is W-^, because the action of X G £ on 
Hom (V, C) is defined by (X/) (v) = /(r(X) v) (/ G Hom (V, C),veV) and r(T) = T holds 
by r (x(s)) = a?/(s), r(?/(s)) = a;~^x(s), r(/co) = ^o- Moreover by the proof of Lemma [773| 
the highest weight space of Hom (V, C) does not vanish on the highest weight space of V, 
i.e., f{v) 7^ for highest weight vectors /, v of Hom (V, C), V, respectively. Now let W he a. 
nonzero T-submodule of the T-module V via ips- Then W contains the highest weight space 
of V as shown in the last paragraph. This implies that W-^ is a T-submodule of Hom (V, C) 
via ips and does not contain the highest weight space of Hom (V, C). Recall Hom (V, C) and 

V are isomorphic as T-modules via ips- Thus W-^ = 0. Therefore W=V and the proof of 
the 'if part of Theorem 11.151 (i) is completed. 
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7.2 Proof of the 'if part of Theorem [TTSl (i), Theorem ITTT] (i) 

We start with observations about the quantum algebra Uq{sl2)- The quantum algebra U 
Uq{sls) is the associative C-algebra with 1 genarated by X'^jK'^ subject to the relations 

KK-^ = K-^K = 1, 
KX^K-^ = q^^X^, 
K-K-^ 



q-q 1 



V{i) denotes the (i + l)-dimensional irreducible W-module: V{i) = {vo,Vi, ■ ■ ■ ,Vi) and 

Kvi = q^'-^Vi, 
X^Vi = [« + !] t^i+i, 
X'Vi = - i + 1] Vi-x, 

where V-\ = ve+i = 0. We consider a finite-dimensional W-module V that has the following 
weight-space decomposition: 

d 

V = ^U„ K\u, = q^'''' {Q<i<d). (37) 
Since V is completely reducible, we have 

[d/2] 
j=0 

where V'^^'> denotes the homogeneous component that is a direct sum of irreducible W-modules 
isomorphic to V{tj; V"*^^^ is allowed to be zero. Set 

^{d^2j) ^jj^^ yid~2j) ((}<^<d,0<J < [d/2]). 

Then 

d-j 

y(rf-2i) ^ 0f//''-'^) (0 < J < [rf/2]), 

i=j 

V. = ^Ut"'^ iO<^<d), 

j=0 

where i' = min {i, d — i}. For j < i < d — j , the mappings 

X- : f7^(;-2,) ^ 

are inverses each other up to a nonzero scalar multiple and X~^, X~ vanish on U^_^^^\ Uj'^ '^^\ 
respectively. In particular, 

Uf-^'^ = ker (0 < J < [d/2]). (38) 
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Lemma 7.5 Let V be a finite- dimensional U -module that satisfy ( p7| ). Let W be a subspace 
ofV as a vector space. Assume W is invariant by the actions of and K: 

KWCW, X+WCW. 

If it holds that 

dim{WnU^) =dim{WnUd-^) iO<t<d), 
then X" W C W , i.e., W is a U-submodule. 

Proof. Set Wi = W n Ui {0 < i < d). Then since W is i^-invariant, we have 

d 

i=0 

allowing Wi to be zero. Set W^^'^~'^^^ = Win U^/'^^^ {0 < i < d, < j < [d/2]). We claim 

i 

ly. = W,^''-^'^ (0 < ^ < [d/2]). (39) 

j=0 

The claim holds for i = 0, since Wq C f/g = Uq'^\ Suppose the claim holds up to i. 
Observe the mapping 

(X+)'-'^ : f/rf_, (0 < 2 < [d/2]) 

is a bijection. By X^W C W, the image of Wi by (X+)'^~^* is included in Wd-i- Since 
dimWj = dim Wd-i, the mapping 

(X+)'-'^ : W, Wd-^ (0 < z < [d/2]) 
is a bijection. Consider the mapping 

{x+)'-'''' : ly^+i 

The subspace X~^Wi of VFj+i is bijectively mapped onto Wd-i by (X+)'^~^'~^. So we have 

W,+i = X+Wi © ker V.+i- (40) 

Since Wi = 0*=o wj;'^~'^^^ by the induction hypothesis for the claim (l39l) and X+iy/'^"^-'-' C 
have 

On the other hand, since ker (X+)'^^^* ^\ui+i = ^i+i^* + 1 < M/2]) by fl38l) . we have 

ker(X-)^-^-V,.. = W^27"-^^ 
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Thus by (UnD, we obtain W^+i C J}, W^^^ I . Since the opposite inclusion is obvious, the 
claim holds for i + 1 and we finish the proof of the claim fl5I?]) . 

Since 
(IMl) that 



Since Wi is bijectively mapped onto Wd-i by {X^Y ^* (0 — — l'^/^]), it follows from 



Wd-. = ^Wt.'^^ (0<z<[d/2]), (41) 

j=Q 

wf-^'~^ = {X+f'^'wi''-^'^ (0 < J < « < [rf/2]). (42) 
Define the subspace by 

Then by ((39]), (glD, we obtain 

[d/2] 

i=o 

For J < i < c/ - J, the mappings X+ : [/^^'^"^-''^ — ^ f/g^^-''^ and X" : t/g^^-''^ — > U^'^''^^^ 
are inverses each other up to a nonzero scalar multiple. The image of Wi''-^'^ by X+ IS 
contained in VFj+i in particular dim.W^'^ "^^^ < dim 14^/^^ "^^^ {j < d — ])■ On the other 
hand by (02]), dim W^/'^"^^'^ = dimW^T^^'^ (0 < j < 2 < [c//2]). So dim VT/"'"^-''^ = dim l^/'^"^^'^ 
{j < i < d — j) . Therefore the mapping 



is a bijection for j < i < d — j and the inverse of this mapping coincides with X \^(d-2j) up 



to a nonzero scalar multiple. Thus we obtain X W-^-^^ "^^^ = W- ^ "^^^ (j < 1 < d—j). Since 
^_^(d-2j) ^ x-uf~^^^ = 0, it holds that X-W^^"^-^^^ {0<j < [d/2], j <i<d~j). 

Hence X~W C PI/ by fH5]) and the proof of Lemma [7.51 is completed. □ 

Proof of Theorem 11.211 (i). Theorem 11.211 (i) is well-known but we give a brief proof as 
a warm-up. We are in the case of (e, e*) = (0, 0) and given a T-module 

V = V{ii,ai)0---0V{in,an) 

via (fs- To prove Theorem 11.211 (i). it is enough to show that every T-submodule of via 
is /^-invariant. The generators x, y, k, fc"-*^ of T act on V via as ase^j", s~^ef, s k^, s~^ki, 
i.e., T is embedded in C via (ps as the Borel subalgebra genarated by Cq , e^, k^^. V has 
weight-space decomposition as in fl37|l : 

d 

2i-d\ 



i+i 



V = ^U, {ko\u^ = q 



i=0 
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where c? = £i + ■ ■ ■ + £„. For a T-submodule W of the T-module V via (ps, set Wi = W (lUi. 
Then 

d 

1=0 

Since the mapping (cq : Ui — > Ud~i is a bijection and VFj is mapped into Wd-i by 
{cqY we have dimPVj < dimWd-i (0 < z < [(i/2]). Since the mapping [e^Y ^* • Ud-i — > 
f/j is a bijection and W^-j is mapped into Wi by (e^^)'^ we have dimlV^.j < diml^j (0 < 
i<[d/2\). Thus it holds that 

dim Wi = dim Wd-i {0<i<d). 

Consider the algebra homomorphism from the quantum algebra U = Uq{sl2) to the 
[/q(s/2)-loop algebra C that sends X~, 7^'='=^ to Cq , Cq , ^o^^, respectively. Regard V 
as a Z//-module via this algebra homomorphism. Then X^W C W^ KW C W. Since 
dim = dim Wd-i (0 < z < ci), we have by Lemma [73] ^ ly, i.e., e^W C ty. 

Similarly, consider the algebra homomorphism from U to C that sends X"*", X~, K^^ to 
e^, e^, A;^^, respectively. Regard as a W-module via this algebra homomorphism. Then 
the weight-space decomposition of this W-module is = ^'^^^Ud-i {K\u^_. = 
where V = 0f=o ^« weight-space decomposition of the £-module V. Since dim Wd-i = 
dimWi {0 <i<d) and X+W CW, KW CW,we have by Lemma [731 X-W C H/, i.e., 
e]~Vr C W. Thus is /^-invariant and the proof of Theorem IL21I (i) is completed. □ 

We are now ready to prove the 'if part of Theorem II. 181 (i). 

Proof of the 'if part of Theorem 11.181 (i). We are in the case of {e,€*) = (1,0) and 
given a T-module 

V = Vii) ® V{ii, ai) ® ■ ■ ■ ® V{in, a„) 

via ips such that — s^^ ^ S{ii,ai) {I < i < n) and the multi-set {S{ii,ai)}^^-^ is in general 
position. We want to show that the T-module V is irreducible. Note that Pv{e){s~'^) ^ 
0, Pv(£^,a,){s~'^) 7^ by Theorem [521 so 

(Td{V) ^ (44) 

by Remark 11.10^ where = £ + £i + ■ ■ ■ + £„. We may assume n > 1, otherwise V = V{i) 
is obviously irreducible as a T-module, since (Te{V) ^ 0. Consider iq such that ai^q^^^'^ 
is maximal in the set of scalars aiq^^~^ (1 < < '^) with respect to the partial ordering 
introduced in (IMj) in Section 7.1. Among such igS, choose one that has the smallest ^jg. 
Since {5'(£i, Oj)}"^^ is in general position, the ordering of V{ii,ai) (1 < i < n) in the 
tensor product of V does not matter about the isomorphism class of V as an £'-module and 
consequently as a T-module via ips- So we may assume io = n. Then 

anq'-^HS{^^,ai) (1 < z < n), (45) 
L<Uiiar,q'--^ eS{U,ai). (46) 

We proceed by induction on dim\^ to prove that V is irreducible as a T-module. Set 
V' = V{(i) ® V{(.i, ai) ® ■ ■ ■ ® V^(4_i, an-i). 
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Then V = V <^ V{in,o,n)- Since the £-module \^(£„,a„) is by Lemma [531 embedded in 
the ^-module V{in — 1, cinQ'^) ® ^(1, o,nq^"~^) as the £-submodule spanned by the highest 
weight space, the ^'-module V can be regarded as embedded in the £'-module 

V={V'^ V{L - 1, a„g-i)) ® V{1, a^q'--'), 

sharing the highest weight space in common. We understand V ® V{in — l,a„g^^) = V 
if = 1. To apply Proposition 16.11 to V, we check the prerequisites for it, namely that 

V ® V{in — ^,(^nq~^) is irreducible as a T-module via ips, and that crdiV) ^ holds, 
where d = i + ii + ■ ■ ■ + in is the diameter of the T-module V via ips- Observe that 
S{in - l,a„g-i) = S{in,an)\{anq'--'}. So -s'^ ^ S{ii,a^) (1 < z < n - 1) and -s-^ ^ 
S{in — l,a„g~^). Moreover the multi-set {S{£n,0'n)}^=i U {S{in — l,a„g~^)} of g-strings 
associated with V ® V{£n — l,a„g~^) is in general position by fj45|) . P6|) . Therefore by 
induction on dimension, V V{in — 1, cinq~^) is irreducible as a T-module via (ps- Since 
Pv{s^'^) 7^ as we observed before, and since Py{X) = -Py(A) by Theorem 15.21 we have 
Py{s^'^) 7^ 0, i.e., <7d(y) 7^ 0. Thus the prerequisites are satisfied for Proposition 16.11 to be 
applied to V. On the other hand, the conclusion of Proposition 16.11 

-Py'«)y(£„-i,a„Q-i)(-a„g^"^^) = 

fails by Theorem 15.21 since a„g^"+^ ^ S{£i,ai) (1 < i < n) by (1451) . This implies that any 
nonzero T-submodules of ^ via ips contains the highest weight space of V. Since the 
T-module V via (ps is embedded in the T-module V via (ps, sharing the highest weight space 
in common, we conclude that any nonzero T-submodule of contains the highest weight 
space of V. 

Let be a minimal T-submodule of the T-module V via ips- Note that W is irreducible 
as a T-module. Let V = 0f=Q Ui denote the weight-space decomposition of the T-module 

V via (ps- Then 

d 

W = ^Wi, Wi = WnU, {l<i<n). 

i=0 

By what we just proved in the last paragraph, we have Wo 7^ 0. Moreover Wd 7^ by fH4|) . 
Since dimt/o = dimUd = 1, we obtain Wq = Uq, Wd = Ud- We claim 

Wi = Wd-^ (0 < z < rf). (47) 

Let A denote the TD-algebra for (e, e*) = (1, 0). Consider ip)sOi^: A — > CJ and regard V as 
an ^-module via o i^. By Theorem 11.111 and f|T3l) . the generators z, z* , oi A act on W as 
a TD-pair, if we choose t suitably. The split decomposition of W for the TD-pair coincides 
with the weight-space decomposition of W . Thus we obtain fH7|) by [3, Corollary 5.7]. 

The generators x, fc, of T act on V via (/^^ as a{se^ + s~^e{ki), s~^e\^ skQ, s~^ki 
respectively. Consider the algebra homomorphism from U to £' that sends X+, X~, K^^ to 
e^, e]~, /cj*"^. Regard as a W-module via this algebra homomorphism. Then the weight-space 
decomposition of this W-module V is V = ^f^^Ud-i {K\u^_- = where V = 0f=o ^« 

is the weight space-decomposition of the T-module V via ips- Since dim Wd-i =dim Wi 
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(0 < i < d) by (HZD and X+W C T^, iTPF C PF, we have by Lemma O X-W C W, 
i.e., e'{W C ly. Since xW C ly, i.e., {se'^ + s-^e5"A;i)iy C IV, we obtrain e'^W C by 
e^kiW C W . Thus is ^'-invariant. Recall that we have already shown that W cantains 
the highest weight space Uq of the T- module V via (^s- By the following lemma, we obtain 
W = V and the 'if part of Theorem 11.181 (i) is completed. 

Lemma 7.6 Assume that a multi-set {S{ii,ai)}^^i of q- strings is in general position. Con- 
sider the C -module 

V = V{1) ® V{ti, ai) ® ■ ■ ■ ® V^(4, a„) 

and let 

d 

be the eigenspace decomposition of k^, where d = £ + £i + ■ ■ ■ + £„. If W is an C'-submodule 
of V and contains Uq, then W = V . 

Proof. Set 

V = V{i,,ai)®---0V{in,a^) 

and let B denote the subalgebra of C generated by eg , ef, k^^. Note that V is irreducible 
as an £'-module, since it is already irreducible as a S-module by Theorem 11.211 (i). We may 
assume i > 1, since if ^ = 0, then V = V and the module V is irreducible. 

Let V{i) = {vo,vi,--- ,ve) be a standard basis as an £'-module: Cgfj = 0, efvi = 
[i — i -\- l]fi_i, CiVi = [i -\- 1] Vi+i, koVi = q^'^~^Vi (0 < i < £), where f_i = f^+i = 0. Then 

I 

1=0 

We show W ^ {vi) ®V' (0 < i < £) by induction on i. For i = 0, some element 

vo ® v' {V 3v' ^Q) 

is containd in by 3 Uq. Since e^ivQ ® v') = q~^Vo ® {cqv'), ef{vQ v') = q^vo {efv') 
and kQ^{vo ® v') = q^^v^ ® {k^^v'), it follows from BW C W that Vq ® {e^v'), Vq {e^v'), 
V(j ® {k^v') are contained in W . Since the elements Cq , e^, k^^ generate B, we obtain 

(wo) ® Bv' C W. 

Since V^' is irreducible as a S- module by Theorem 11.211 (i). we have Bv' = V' so vq®V' C W . 
Suppose that {vi) (g) V C W . Choose a nonzero element v' from V^'. Then ej~(fj ® f') = 
[i + 1] Wj+i ® (fcf ^w') + f i ® (ej~f'). Since ej~(T;j ® f') and Vi ® (ej"f') are contained in W , we 
have 

where v" = k^^v' ^ 0. So e^ivi^i ® v"), ef{vi^i t>"), /i;o('yj+i ® v") are contained in VT. 
Since e^{vi+i O f") = g^*+^"V+i ® (e([t^"), e]^(t;i+i O v") = [£ -i]vi® v" + q^~^'^^Vi+i ® 
{efv"), ko{vi^i (g) v") = C?) {kov"), it follows from f j ® f " G that 

Vi+i <S) {e^v"), Vi+i <S) {efv"), Vi+i (g) {kov") 
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are all contained in W. So 

{v,+i) ® Bv" C W. 

Since Bv" = V, we have (fj+i) Cg> l^' C VT. This completes the proof of Lemma [7.61 □ 
7.3 Proof of part (iii) 

The part (iii) of Theorem [TTT51 Theorem ll.l8[ Theorem 11.211 follows from the part (i) together 
with Theorem 1 1.91 . Theorem 15. 2[ and some combinatorial observations as in Lemma [1.14} we 
prove Lemma 11.141 at the end of this subsection separately. Let s and d be a nonzero scalar 
and a positive integer respectively, chosen arbitrarily. We are given a polynomial -P(A) in 
Pj, i.e., -P(A) is a monic polynomial of degree d such that P^es""^ + 6*3"^) 7^ 0. We want 
to construct an irreducible T-module V via (fs such that the Drinfel'd polynomial -Py(A) 
coincides with P(A). Let Ai, A2, ■ ■ ■ , A^ denote the roots of -P(A), allowing repetition. 

If {e,e*) = (1, 1), let Qi denote the set of solutions of 

Ai + C + C"' = 

for (. We understand that Qi is a multi-set if Aj = ±2. So \Qi\ = 2 {1 < i < d). Set 

d 

i=l 

as a multi-set. Then \Q\ = 2d as a multi-set. By Lemma I1.14[ there exists a multi-set 
{S{£i,ai)}^^-^ of g-strings strongly in general position such that 

n 

Q = [j{S{i,,a,)US{i,,a-')) 

i=l 

as multi-sets. Since \S{£i, ai)] = £i, we have d = ii + ■ ■ ■ + in- The T-module 

V = V{£i,ai) V{£n,an) 
via has Drinfel'd polynomial 

n 

^y(A) = n^m,a.)(A) 

i=l 

by Theorem 15.21 where 

Pvii.,ad^)= n (A + C + O- 

Thus Pv{X) = P(A). Since P{s-^ + s^) ^ 0, we have -s^ i S{^i,a,)\^ S{ti,ar^) (\<%< n). 
So by Theorem 11.151 (i), the T-module V via is irreducible. 

If = (1,0), set 

^ = {-X- \ X,^0, l<i <d} 
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as a multi-set. We may assume that Q = {— Aj \ i + l<i<d} and Ai = ■ ■ ■ = = 0, 
allowing i = . It is well-known and easy to show that there exists a multi-set {S{£i, ai)}i^i 
of g-strings in general position such that 

n 

Q= |j5(4ai) 

i=l 

as multi-sets. Since \S{ii, ai)\ = ii, we have d — i = ii + ■ ■ ■ + in- The T-module 

V = V{i) ® V{ii, ai) ® ■ ■ ■ ® V{in, an) 
via has Drinfel'd polynomial 

n 

1=1 

by Theorem 15.21 where 

^m,a.)(A)= n ('^+^)- 

ces{ei,a,) 

Thus Py(A) = P(A). Since P(s~^) ^ 0, we have -s'^ ^ ^(£^,0^) (1 < i < n). So by 
Theorem 11.181 (i), the T-module V via ips is irreducible. 

If = (0,0), set 

^ = {~"Ai, A2, ■ ■ ■ ) ~Arf}, 

as a multi-set. Since P{es^'^ + 6*3"^) = -P(O) 7^ 0, we have Aj 7^ (1 < i < n). There exists a 
multi-set of g-strings {S{ii,ai)}^^^ in general position such that 

n 

Q = [jS{£i,ai) 

i=l 

as multi-set. Since S\{ii,ai) \ = ii, we have d = ii + ■ ■ ■ + in- The T-module 

V = V{ei,ai)®---®V{en,an) 
via has Drinfel'd polynomial 

n 
1=1 

by Theorem 15.21 where 

ceS'(^i,ai) 

Thus -Pv'(A) = -P(A). By Theorem 11.211 (i), the T-module V via is irreducible. This 
completes the proof of the part (iii) for Theorem 11.151 Theorem I1.18|, Theorem 11.211 
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Proof of Lemma 11.141 We proceed by induction on where \Q\ denotes the number 
of elements in Q, counting the multiphcities. Recall the partial ordering flM|) on C \ {0} 
introduced in Section 7.1: 

a < b <^=> b = aq'^^ for some integer i > 0. 

Choose a maximal element c in 1] with respect to this partial ordering. Note that is 
minimal in Q. Set 

n' = n\ {c,c~^} 

as multi-sets of nonzero scalars. Then by induction, there exists a multi-set {S{i'^, a'^)}^^^ of 
g-strings strongly in general position such that 

n' 

n' = [j{S{i',,a'^)US{i[,a'r')) 

i=l 

as multi-sets of nonzero scalars. Moreover such a multi-set {S {i^, a'j)}^^^ of g-strings is 
uniquely determined by Q' up to equivalence. Observe that the union S^i'^, a'^) U {c} (resp. 
S{i[, a'j) U {c^^) ) as a multi-set of nonzero scalars is a g-string if and only if c = a[q^i~^^ 
(resp. = a[q~^i~^), in which case 

aO U {c} = S{e', + 1, a[q) (resp. S{i[, a[) U {c-'} = S{1[ + 1, a[q-')) . 

If there exist i's such that either c = a'^q^'^^^ or = a^g"^*"^, choose one among such z's 
that has the largest By rearranging the ordering of the g-strings, we may assume i = n' . 
By replacing a'^, by a'~,^ if = a'^/q~^"'~^, we may assume c = a'^,q^"'~^^. Thus c = a'^,q^"'^^ 
is maximal in Q and if c = a^g^*"*"^ or = a^g~^»~^ holds for some i, then £^ > i'^. In this 
case, define g-strings S{ii, ai) {1 <i < n') by 

^(£„a,) = (l<^<n'-l), (48) 

5(4,, a^O = 5(C + l,a;,g). (49) 

Then the multi-set {5'(£j, Oj)}"^^ of g-strings is strongly in general position and 

n' 

fi = |J(5(^„a,)U5(£„ari)) 

as multi-set of nonzero scalars. 

If there exist no i's such that either c = a'^q^'^^^ or c^^ = a^g^^»^^, then define g-strings 
S{£i, ai) (1 < z < n' + 1) by 

S{U,ai) = S{e^,a'^ {l<i<n'), (50) 
S'(C'+i,an'+i) = 5'(l,c). (51) 

Then the multi-set {5'(£j, aj)}"_|^^ of g-strings is strongly in general position and 

n'+l 

n=\J (5(£„a,)U5(£„ari)) 

i=l 
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as multi-sets of nonzero scalars. In any case, there exists a desired multi-set of g-strings. 

Next we show the uniqueness of such a multi-set of g-strings up to equivalence. Let 
{S{mi,bi)}^^^ be a multi-set of g-strings strongly in general position such that 

n 

Q = [j{S{m,,k)US{m,,br')). 

i=l 

Then the maximal element c of fl, which was chosen in the course of the construction of a 
desired multi-sets of g-strings, belongs to either S{Tni,bi) or S{mi,b~^) for some i. Among 
such i's, choose one that has the smallest mj. We many assume i = n and c G SijUn, bn) by 
rearranging the ordering of the g-strings and replacing 6„ by if necessary. Thus bnq"^"~^ is 
the maximal element c and < rrii holds if c G S{mi, bi) or c G S{mi, b^^), i.e., c = ^jg*"'"^ 
or = biq~"^^~^^. 

If m„ > 2, then the multi-set 

{S{mi, U {S{mn - 1, ^n?""^)} 

of g-strings is strongly in general position and covers the multi-set Q' = Q \ {c, c~^} of nonzero 
scalars as the union of S^rrii, bi), S{mi, b^^) (1 < ^ < n — 1) and S'(m„ — 1, bnq~^), S{mn — 
l,b~^q). Such a multi-set of g-strings is unique up to equivalence by induction. So the 
multi-set {S{mi, bi)}^~l U {S'(m„ — 1, bnq~^)} of g-strings is equivalent to {S{i[, a^)}"^]^, the 
one which was chosen in the course of the construction of a desired multi-sets of g-strings. 
Observe that c = (6,„g^^)g*^™'"^^^+^ and m„ — 1 > if c = 6jg'"'+^ or = biq~^^~^ for 
some i {1 <i < n — 1), since S{mn, bn) includes either S{mi, bi) or S{mi, b^^) for such an i. 
Thus we have n = n' and we may assume 

S{m^-l,bnq~') = S{Ca'J. 

By (jUj), dHj), the multi-set {S{mi, of g-strings is equivalent to the one we constructed 

by means of {^(f-, Ol^^^ 

If rrin = 1, then S{mn, bn) = {c} and the multi-set 

{^(mi,6i)}"r/ 

of g-strings is strongly in general position and covers the multi-set Q' = Q\{c,c^^} as a 
union of S{mi, bi), S{mi, b~^) (1 <i<n — l). Such a multi-set of g-strings is unique up to 
equivalence. Observe that there exist no i's (1 < i < n — 1) such that either c = biq^^^^ or 
= biq~^^~^, since otherwise S{mn,bn) U S{mi,bi) or S{mn,b~^) U S{mi,bi) would be a 
g-string for such an i. Thus we have n' = n — 1 and we may assume 

S{m^,bi) = S{i'„a[) il<i<n-l). 

By (l50l) . flSTl) . the multi-set {^(mj, of g-strings is equivalent to the one we constructed 

by means of {S{ii, a^}"^]^. This completes the proof of Lemma [1.141 □ 
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